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ABSTRACT

Decentralized learning must balance collaboration with personalization across het-
erogeneous agents. This paper studies when cooperation can support statistically
coherent groups of personalized models. We show that data-topology compatibility
enables robust orbit-wise personalization: when local objectives and communi-
cation topology have (approximately) compatible automorphisms, agents within
an orbit share (approximately) equal limiting distributions, while different orbits
remain distinct without explicit personalization. This creates a new intermediate
regime between global consensus and independent local learning. Under exact
data-topology compatibility, as a reference system, we decompose the stochastic
learning dynamics into orbit-level and transverse components, derive a necessary
and sufficient stability criterion for distributional synchronization, and characterize
the orbit-structured stationary law. Modelling an approximate data-topology com-
patible system as an e-perturbed reference system, we prove the introduced errors
have uniform-in-time and stationary O(e) bounds in 2-Wasserstein distance. We
also prove sufficient conditions for lower stationary average excess risk than both
independent local training and the best single shared parameter. Experiments on
synthetic data, MNIST, and CIFAR-10 are in full agreement with the theory. The
code is available at https://github.com/Veronicaaal/orbit-personalization.

1 INTRODUCTION

Decentralized learning allows agents to train through local computation and neighbor communication
without sharing raw data (Nedic & Ozdaglar, 2009). When local objectives differ, however, coop-
eration must accommodate competing learning needs (Nassif et al.,|2020; |Zantedeschi et al.| [2020;
Le Bars et al.| [2023)). Independent training preserves each agent’s local objective but forgoes the
benefits of collaboration (Lian et al.} 2017} Koloskova et al.,|2020; Even et al.l|2022), whereas a single
shared model can compromise performance across heterogeneous tasks (Hsieh et al., [2020; |Le Bars
et al., [2023)). Communication can reduce stochastic fluctuations (Xiao et al.| 2007 [Kar & Moural,
2008; Bamieh et al., [2012), yet coupling agents with different local optima can also introduce bias
(Chen et al.| 2015 |[Nassif et al., 2020; Koloskova et al.,[2020). This raises a fundamental question:

Under what conditions can local updates and neighbor communication produce
statistically coherent groups of personalized models that benefit from cooperation?

Answering this question requires understanding how local learning tasks and communication structure
jointly determine which agents develop similar behavior, which remain distinct, and when these
differences improve learning. This paper proves:

(Approximately) compatible data-topology automorphism enables robust
orbit-wise personalization in hetegeneous decentralized learning.

In an automorphic communication topology, a permutation of agents preserves the weighted com-
munication graph, while associated orbits collect agents that can be mapped to one another. Exact
data-topology compatibility additionally requires local objective characteristics, such as curvatures,
noise intensities, and minimizers, to agree within the topology’s algebraic structure; approximate
compatibility allows small deviations from such a reference system. Under suitable stability condi-
tions, agents within an orbit develop common stationary parameter marginals, while different orbits
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retain distinct distributions. This agreement is distributional: stochastic noise may sustain differences
between individual parameter trajectories. The resulting organization provides a new intermediate
regime between global consensus and independent local learning, without an explicit personalization
step (see relevant works in Appendix [B). Moreover, agents can exhibit this statistical agreement even
when they have no direct communication edges (Nicosia et al., 2013)), reflecting the role of their
positions in the wider network.

We develop the theory in three steps. For an exactly compatible system, as reference, we decompose
the dynamics into orbit-level motion and transverse disagreement within orbits. This decomposition
yields a necessary and sufficient transverse-stability criterion for distributional orbit synchronization,
together with convergence rates for the transverse mean and covariance. We then model an approx-
imate compatible system, the general case, by applying an € perturbation to the local curvatures,
minimizers, noise intensities, and communication weights of the corresponding reference system.
Uniform-in-time and stationary O(e) bounds in 2-Wasserstein distance (Villani et al., 2009) are
proved, which imply approximate agreement within reference orbits and explicit thresholds for
preserving separation across them. Finally, by separating coupling bias from stationary fluctuation
cost, we derive sufficient conditions under which decentralized learning achieves lower stationary
excess risk than both independent local training and the best single shared parameter. Both advantages
persist under sufficiently small perturbations, with guaranteed gains reduced by at most O(e).

We examine our theory through synthetic systems and neural-network experiments on a commu-
nication graph with fourteen agents and four orbits. Quadratic experiments verify the predicted
stationary distributions and show that orbit separation and both risk advantages persist across all
120 tested perturbation configurations. A smooth nonquadratic example exhibits similar qualitative
grouping beyond the affine setting. Experiments with multi-layer perceptron (MLP) and ResNet
(He et al.| 2016) models on MNIST (LeCun et al.| |1998)) and CIFAR-10 (Krizhevsky} 2009) reveal
corresponding prediction patterns: agents within reference orbits make relatively similar predictions,
while differences remain across orbits, despite the absence of direct communication within each
orbit. Comparisons with independent training and misaligned data allocations further show that both
communication and data-topology alignment contribute to this organization.

1.1 RELATED WORKS

Algebraic structures of communication topology. The literature of decentralised learning has
seen studies on graph automorphisms (MacArthur et al., 2008)), symmetry-based reductions (Sanchez1
Garcial |2020)), and graph partitions for reduced network dynamics (Schaub et al.l|2016), showing
how communication topology induces invariant subspaces and reduced collective dynamics. Related
group-consensus and multiconsensus results identify synchronized groups under suitable dynamics or
control protocols (Klickstein et al.,2019; [Tomaselli et al.| [ 2023), while cluster-synchronization theory
studies quotient dynamics and transverse stability of symmetry- or partition-induced clusters (Pecora
et al.}2014; Schaub et al., 2016)). These works provide the algebraic foundation for our orbit-level
decomposition, but mainly concern structural network analysis, deterministic consensus, oscillator
synchronization, or controlled multiconsensus. Our work builds on these tools to characterize how
local learning tasks and communication roles jointly organize stationary parameter distributions,
connecting orbit-based coordination to statistical behavior in decentralized learning.

Stochastic and non-consensus multi-agent dynamics. Stochastic consensus analyses establish
agreement under noisy measurements (Huang & Manton, [2009)), time-varying topologies with
communication noise (Li & Zhang| 2010), and random communication networks (Tahbaz-Salehi
& Jadbabaiel, 2009). Non-consensus also arises in bounded-confidence opinion models, which can
produce opinion clusters (Deffuant et al., 2000) and polarization or fragmentation (Hegselmann
& Krause, 2002). Other stochastic opinion models show that random interactions with agents
holding fixed, different opinions can sustain persistent fluctuations and disagreement while the
joint state converges in distribution (Acemoglu et al., 2013)). Network symmetries further organize
time-averaged observables in stochastic network models, yielding common long-run statistics within
automorphism orbits (Sorrentino et al.,|2019). Our analysis identifies when within-orbit statistical
agreement and cross-orbit separation persist under approximate data-topology compatibility, and
when this orbit-wise personalization benefits decentralized learning.

More related works are given in Appendix
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2 PRELIMINARIES

Decentralized learning. LetG = (V, &), withV = {1,..., N}, be an undirected communication
graph over which NV agents train without a central server. Each agent ¢ updates its local parameter
w;(t) € R™ by combining local stochastic-gradient steps based on samples from its own data
distribution D; , and exchanges information only with adjacent agents. For any local parameter
value u € R™, agent 4’s local population risk is L;(u) = E¢p, [£(w; §)], where £ is a local sample
and ¢(u; &) is the sample loss. Around a reference local minimizer w} € R™ of L;, we use the

quadratic approximation L;(u) = L;(w}) 4+ 2 (u — w}) T Q;(u — w}), where Q; = Q] = 0 is the
local curvature matrix, and hence the local gradient model VL;(u) = Q;(u — w}). Local quadratic
and stochastic-process approximations are standard tools for studying SGD near minima (Mandt
et al., [2017; He et al. 2019; |Liu et al., 2021). A conventional equal-node-weighted centralized
reference is the single-model objective Lgion (u) = N1 Zf\il L;(u), which optimizes one shared
parameter u against the average of all agents’ local population risks. In contrast, our personalized
analysis keeps node-specific parameters w = (wy ,...,wx)" € RY™ and studies their stochastic
dynamics under local objectives and graph-mediated communication. The node-wise population
risk is R(w) = N1 Zf\;l L;(w;). For a fixed training sample S, we define the sample-dependent

generalization gap Gs(w) = R(w) — Rs(w), where R is the empirical counterpart of R.

Optimization dynamics. Let n > 0 be the learning-rate scale and H € R™*™ the parameter-space
coupling operator. For each node 4, let 0; € R™*" be the noise-intensity matrix and B;(t) an
m-dimensional standard Brownian motion, independent across nodes. The communication matrix
C = [Cy;] € RV*N gatisfies Ci; = Cj; > 0, C;; = 0, and C;; = 0 whenever {i,j} ¢ £. The
node-wise affine SDE is

N
dw;(t) = | —nQi(w;(t) — w}) + > CijH(w;(t) — w;(t)) | dt + o; dB(t).

j=1

Define z;(t) := w;(t) — w} and bF := Zjvzl CijH(w} — wf). Stack wy, B;(t), and b} in node
order to form w*, B(t), and b*, respectively, and write z(¢) = w(t) — w*. Define the m x m blocks
of K, Y e RNmXNm by K” = 77]@1 — (Z;\le Cij)H, Kij = Cle for ¢ 7£ j, 2“ = 0y, and
Yi; = 0for i # j. With calculation detailed in Appendix @], the centered dynamics is

dz(t) = (Kz(t) 4+ b*)dt + S dB(t). (1

Graph automorphisms and I'-orbits. Fix a subgroup I' < Aut(G), where Aut(G) is the group of
adjacency-preserving node permutations. For 7 € T, let P, € RYV*Y be defined by Pre; = Ex(j)>
where e; is the j-th standard basis vector. The I'-orbit of node i is O(i) := {n (i) : 7 € T'}. These
orbits partition V as V = | [}_; Ok, with nj, := |Oy|; we assume 2 < ¢ < N, so that there are
multiple orbits and at least one orbit contains more than one agent. See Appendix for further
details on graph automorphisms.

3  MAIN RESULTS

We study decentralized stochastic learning under approximate data-topology compatibility relative to
a fixed exactly compatible reference. Our results quantify distributional stability and approximate
agreement of stationary marginals within reference orbits, and give conditions for preserving cross-
orbit separation. We also establish sufficient conditions for lower stationary average excess risk than
both independent local training and the best single shared parameter.

3.1 DATA-TOPOLOGY COMPATIBILITY

We define approximately compatible systems as perturbations of a fixed exactly compatible reference,
using the dynamics and orbit partition of Section[2] Both processes are expressed in the original
w-coordinates.
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Definition 1 (Exact data-topology compatibility). A reference collection has the form
00 = (1@, 6™, w*M)}1_, Co),

where Q(F) = (Q(’“))—r > 0 and Cy is an admissible communication matrix on G, as specified
in Section E] It assigns (Q(k), k), w*(k>) to every node in Q. The collection is exactly data-
topology compatible with respect to I if its communication weights are invariant under every w € I':
PrCo = CoPr, equivalently, (Co)(i),x(j) = (Co)ij for all i, j.

Definition 2 (Exactly compatible reference dynamics). Fix an exactly data-topology compatible
collection 0y as in Definition|[I] Its reference dynamics w(t) satisfies

d’wo(t) = (Kow()(t) + ao)dt + 20 dB(t)

Here K\ and X are obtained from the block definitions preceding equation[l} using Cy and the
reference local quantities. The node blocks of aq are (ag); = nQ®@*®) fori € Oy,. We keep this
reference fixed throughout the perturbation analysis.

The index 0 denotes the fixed exactly compatible reference system, corresponding to ¢ = 0 in
Definition [3] Its orbit decomposition and limiting distributions provide the analytical basis for
quantifying within-orbit agreement and cross-orbit separation in approximately compatible systems.
Definition 3 (Approximate data-topology compatibility). Relative to the fixed exactly compatible
reference 0y in Deﬁnition@for >0, letd. = ({(Ql, o, w) N, Cg) be a perturbed collection.
It is approximately data-topology compatible with 0y at level € if

— . _ 0O 5k * _ pr(k)
1Ce = Colle + max max (11Q: = QW +llow = a® s + o} —@*®) <c. @

Uniformly over the perturbation class, all reference and perturbed curvature matrices, noise-intensity
matrices, and minimizers have operator, Frobenius, and Euclidean norms, respectively, bounded by
Moy < 00. Both systems satisfy the structural and communication conditions of Section on the
same graph and with the same fixed n and H. No additional invariance under T is imposed on C..

Definition 4 (Perturbed dynamics). For a perturbed collection 0. as in Definition|3} take K., %,
from the block formulas in Sectionand set (ae); = nQw}. Its perturbed dynamics w (t) satisfies

dw(t) = (K-we(t) + ac)dt + X dB(t).

3.2 ORBIT SYNCHRONIZATION AND SEPARATION

The main theorem controls departures from the exactly compatible reference and gives conditions
for approximate within-orbit distributional synchronization and persistent cross-orbit differences at
stationarity. The corollary strengthens the pairwise conclusions to separation of the full reference
orbit partition under an additional margin condition.

Theorem 1 (Orbit-wise personalization under perturbations). Under the conditions of Definition
suppose K is Hurwitz, i.e., its eigenvalues have strictly negative real parts. Then there exists
Ceoet < 00 such that

||K€ - KOH + ||a5 - aOH + ||E€ - Z()”F S Ccoefg' (3)
Consequently, there exists €y > 0 such that K. is Hurwitz for every 0 < € < g. For these values of
€, the following conclusions hold under any additional conditions stated in the respective parts:

(i)  Uniform-in-time distributional stability. Suppose w.(0) and wy(0) have a common law v on
RN™ with finite second moment and are independent of the driving Brownian motion. Then
there exists Cayy (V) < 00 such that

sup Wa(L(we (1)), L(wo(t))) < Cayn(¥)e.

t>0

(i)  Stationary-distribution stability. For § € {0,e}, let o5 = N(ms,$s) denote the unique
stationary distribution of the corresponding system, where

mgs = —Kgla(;, KsQs + Q(;K(;r + 252; =0.
The covariance Qs = 0 may be singular. There exists Cyyoy, < 00 such that

Wa(oe, 00) + [[me — mo|| + (|2 — Qo|| < Cstate.
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(iii) Approximate agreement within reference orbits. Let W° ~ g5 have node blocks W}, and
define 1Y) := (mg); and =9 = Q(()”) for i € Ok. These definitions are independent of i by
Theorem|6] After enlarging Csay if necessary, for every i € Ok,

1(me)i = Rl + 19287 = Z} < Cueace. )
Moreover, for every distinct i, j € Ok,
Wo (W7, W;) < Cspare,  and — Wo (W7 = WE WP —W)) < Cypate.
(iv) Persistence of cross-orbit separation at stationarity. For every pair 1 < k < { < q, define
ARy = [k — pell + 128 — =2l

If 2Cstare < AV, the stationary marginal distributions of W¢ and W7 are distinct for every
1€ Ogandj € O,

All constants are uniform over the stated perturbation class and may depend on 6y, N, m,n, H, My,
and the reference stability bounds. Only Cqyy, (V) also depends on the initial second moment; one
common Cgay is used in (ii)—(iv).

At stationarity, approximate agreement of marginal distributions within reference orbits can coexist
with persistent cross-orbit differences when the reference gaps are sufficiently large relative to the
perturbation level. This does not require individual parameter trajectories to coincide. Section 4]
develops the exactly compatible reference structure underlying these conclusions. It separates orbit-
level motion from within-orbit disagreement, characterizes distributional synchronization under
transverse stability and stationary orbit marginals under full stability, and explains how this reference
structure combines with perturbation bounds to yield the approximate agreement and separation
guarantees above. The full proof of Theorem|[I]is given in Appendix [C.4]

To extend the pairwise separation guarantees to the full reference orbit partition, we compare the
smallest cross-orbit distance with the largest within-orbit distance between stationary marginals. The
following corollary gives a sufficient perturbation condition under which a single distance threshold
separates all within-orbit pairs from all cross-orbit pairs.

For Gaussian distributions, define dpa, (N (1, 2), N (¢, Z')) = || — /| + [|E — Z'||. Write
vg = L(WE), and set
Diy(e) := max max dpar (Vi , V5), Doyt () = 1§rl?<irel§qieol,?,ig]‘ﬂeog dpar (V5 V5).

Corollary 1 (Orbit separation margin). Suppose the conditions of Definition[3|hold and K is Hurwitz.
Assume further that Ay := mini<p<y<q Age > 0. Let g and Cyiot be as in Theorem For every
0<e<eo

Din(g) S 2Cstat57 Dout(g) 2 é() - 2Cstat5~
Consequently, Mo, (€) := Dout(€) — Din(€) > Ay — 4Cxtate. In particular, if ACsate < A, the
threshold A /2 separates all within-orbit pairs from all cross-orbit pairs in dpay.

3.3 EXPECTED EXCESS RISK

We compare stationary average excess risk with two benchmarks: independent local training and the
best single shared parameter. The following result gives sufficient conditions for advantages over
both benchmarks to persist under small compatibility perturbations.

For W¢ ~ g., define the average stationary excess risk by &, := N~} Zfil E[zl(Wf) — L (w})].
For quadratic losses with Hessians @);, this risk satisfies

1 N

T 2N«
i=1

The terms measure the cost of displacement of the stationary mean from the local optimum and the
cost of stationary fluctuations, respectively. We suppress ¢ in the notation for the losses, ();, and w.

£, [((ms)i —w}) Qi((m2); — wy) —|—tr<Qng’i))] . (5)

Let £ 4 denote the stationary average excess risk of independent local training with the same losses,
learning rate, and diffusion. Let H¢ . denote the minimum average excess risk attained by a single
shared parameter for these losses.
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Theorem 2 (Learning advantages under approximate compatibility). Under the conditions of Defini-
tion suppose that QF) = 0 for every reference orbit and H + H' > 0. Let Qy = blkdiag(Q?),
where QY = Q™ fori € Oy. Define dy = Amin(Z0Xq ) and By = Amax(—(Ko + K )/2), and let
b be the centered forcing in equation[l|evaluated at the reference system. Set

Cdote(H) 0 (Co)i  (05)TQy B

= — . 6
90 TN, N2 (6)

If go > max{0,&2, — HO .}, then there exist Cyigc > 0 and ey > 0, with €y no larger than the
radius in Theorem|l| such that, for every 0 < e < &, the following bounds hold:

(i)  Communication gain. &7 4 — & > go — Chiske > 0.
(ii) Personalization gain. HE . — & > go + HOo — EXy — Criske > 0.

The theorem gives sufficient conditions under which reduced stationary fluctuations outweigh cou-
pling bias and the stationary average excess risk is lower than both benchmarks. The O(¢) terms
quantify the possible loss in the guaranteed reference gains under compatibility perturbations. Ap-
pendix [C.9] gives the benchmark formulas, risk identities, and proof; Appendix verifies both
advantages in the four-orbit configuration.

4 DEVELOPMENT OF THEORY

This section analyzes the exactly compatible reference system underlying our main results, corre-
sponding to the ¢ = 0 case of approximate data-topology compatibility. We develop its orbit decom-
position, characterize distributional orbit synchronization, and describe stationary orbit marginals
and conditions for cross-orbit separation. The final subsection connects these results to approximate
compatibility. Throughout this section, the reference subscript 0 is suppressed.

4.1 ORBIT DECOMPOSITION OF REFERENCE DYNAMICS

Under Definition [I] equation[I]is a I'-equivariant affine SDE. To separate orbit-level motion from
transverse within-orbit disagreement, define 7} € R7*N by (7)) := nlzl/ ®1{i € O}, and choose
T, € RV-9XN whose rows form an orthonormal basis of the orthogonal complement of the row
space of T). Set T' := [THT, TT]7, and let Mp := range(THT ® I,,,) be the orbit-consensus subspace,
whose elements are constant within each orbit.
Define the drift blocks K| := (T ® Im)K(THT ®Ip)and K| := (T, ® I,)K(T| ®1,,), and the
diffusion blocks ¥ := (T} ® Im)Z(T”T @ ILn)and 3 = (T @ L,,)X(T] ® I,).
Theorem 3 (Decomposition of reference dynamics). Under Definition (I} define z(t) == (T ®
I,)z(t) = (EH(L‘)T,EL(IS)T)T and B(t) :== (T®I,,)B(t) = (BH(t)T,BL(t)T)T. The transformed
process B is a standard Brownian motion with independent coordinate blocks B” and B, . The
centered affine dynamics decomposes as

dEH (t) = [Kngu (t) + (TH ® Im)b*} dt + EH dBH(t),

- 7
dzy () = K12, (t)dt + 51 dBy (t). @

Since the reference minimizers are identical within each orbit, centering the parameters as z(t) =
w(t) — w* gives w;(t) — w;(t) = 2z;(t) — z;(t) for any 1, j in the same orbit.

The quotient subsystem governs orbit-average motion, while the transverse subsystem governs within-
orbit disagreement. This separates orbit-level personalization from within-orbit model disagreement
and allows the two types of dynamics to be analyzed independently. Full details are provided in

Appendix

4.2 CONVERGENCE CRITERION AND RATES FOR THE REFERENCE SYSTEM

The decomposition in Theorem [3|shows that parameter differences between agents in the same orbit
depend only on the transverse coordinate Z, (¢). We therefore study within-orbit synchronization
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through the transverse subsystem in equation[7] We formulate this synchronization in distribution
and characterize both when it occurs and how rapidly the transverse mean and covariance approach
stationarity. The resulting limiting difference laws provide the reference for the comparison of
within-orbit parameter differences in part (iii) of Theorem|[I]

Definition 5 (Distributional orbit synchronization). The dynamics achieves distributional orbit
synchronization if, for every deterministic initial state z(0) = zy € RN™, every T-orbit Oy, and
every distinct i, j € Oy, the difference w;(t)—w;(t) converges in distribution to a possibly degenerate
centered Gaussian law as t — <.

Theorem 4 (Criterion for distributional orbit synchronization). Under the conditions of Theorem 3]
the dynamics achieves distributional orbit synchronization if and only if K | is Hurwitz. When these
equivalent conditions hold, the convergence extends to every square-integrable initial condition z(0)
independent of the driving Brownian motion, and z, (t) = N (0,9, ) as t — oo, where Q0 + 0,
possibly singular, is the unique solution of K, Q, + QK| + ¥, %] =0.

Fori,j € O, define R;; := ((e; — ¢;)"T|) ® I, and Q5 = RMQLRZ-T]-. Then w;(t) —w;(t) =
R;;Z) (t) = N(0,8;,) as t — oo, where Q;; is independent of the initial condition.

Theorem 5 (Convergence rates of transverse mean and covariance). Suppose the equivalent conditions
of Theorem[{| hold. For any square-integrable initial condition independent of the driving Brownian
motion, let ooy := —max{ReA : A € spec(K 1)} > 0, define m, (t) := E[2.(t)], and let
Covy(t) :=E[(ZL(t) —m_L(t)(ZL(t) —mL(t)"] . For every 8 € (0,aL), there exists Cg > 1
such that, for allt > 0,

Im (@) < Coe ™ mr(O)ll, [ Covyi(t) —Qull < Che | Covo(0) — Qull.

Under transverse stability, within-orbit differences have initialization-independent limiting distri-
butions, and their means and covariances converge exponentially. Noise may sustain residual
fluctuations, so synchronization in distribution does not require identical parameter trajectories.
Proofs of Theorems [ and [5]are given in Appendices|[C.5and respectively.

4.3  STATIONARY DISTRIBUTIONS OF THE REFERENCE SYSTEM

To pass from within-orbit differences to stationary node marginals, we impose stability of the full
reference drift. Under this stronger condition, each orbit has a common stationary marginal, while
differences in local objectives, stochastic-gradient noise, and communication roles may lead to
distinct marginals across orbits. These common marginals provide the reference for the approximate
within-orbit agreement in part (iii) of Theorem |1} while their pairwise gaps enter the separation
condition in part (iv).

Definition 6 (Distributional orbit separation). Suppose that every node parameter w;(t) converges in
distribution, with common Gaussian limiting marginal N (., Zx) for all agents in each T-orbit O,
The limiting regime exhibits distributional orbit separation if and only if there exist two distinct orbits
Ok and Oy whose Gaussian marginal parameters differ, namely (py, Zx) # (1o, Ze)-

Theorem 6 (Stationary distribution and orbit separation). Under the conditions of Theorem[3] suppose
that K is Hurwitz. Define zeq :== —K ~'b* € Mr, and let Q = 0, possibly singular, be the unique
solution of the Lyapunov equation KQ + QKT + X7 = 0. For every square-integrable initial
condition z(0) independent of the driving Brownian motion,

w(t) = N(w* + zeq, Q).

This limiting Gaussian distribution is the unique stationary distribution of the w-process. For each
orbit Ok, every i € Oy, has the same limiting marginal distributions,

w;i(t) = N(ug, Zk), pi = (W* + Zeq)i, =y = Q0D

Here (w* + Zeq); denotes the i-th m-dimensional vector block, while Q") denotes the (i, j)-th
m x m block of ). These definitions are independent of the choice of i € Ok. The limiting regime
exhibits distributional orbit separation if and only if there exist k £ £ such that py, 7 e or Zj # Ey.

Distinct stationary orbit marginals represent differences in long-run training behavior across groups,
providing a distributional form of personalization. The proof is given in Appendix
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4.4  FROM EXACT COMPATIBILITY TO APPROXIMATE COMPATIBILITY

The preceding analysis provides the reference distributions for orbit-wise comparisons with approxi-
mately compatible systems. Under full reference stability and sufficiently small compatibility defects,
Theorem I] combines coefficient perturbation bounds with coupling and moment estimates to control
the stationary distribution in W5 and its mean and covariance at order O(¢).

These full-system bounds control deviations of node marginals and within-orbit difference distribu-
tions from their reference counterparts. Equality of reference marginals within each orbit then yields
approximate within-orbit marginal agreement. Pairwise cross-orbit separation persists when the
corresponding reference gaps exceed the perturbation bounds. Corollary [T|compares the minimum
reference gap with the perturbation level to give a sufficient condition for a single threshold in dps; to
separate all within-orbit pairs from all cross-orbit pairs. For quadratic losses, the moment bounds
also enter the risk comparison. Together with perturbation estimates for local loss coefficients and
matched benchmarks, these moment bounds yield lower bounds on both risk gains with an O(¢)
reduction from their reference guarantees, under the additional conditions of Theorem@

5 EXPERIMENTS

We conduct experiments to verify our theory.

Over the experiments, we use a four-orbit blown-up path graph with N = 14 agents, as illustrated
in Figure [3|in Appendix D] The agents are partitioned into O1 = {1,2}, O, = {3,4,5}, O3 =
{6,7,8,9}, and Oy = {10,11,12,13,14}. Adjacent orbits form complete bipartite blocks, with
no within-orbit edges, and the quotient graph is O; — Oy — O3 — O4. All perturbed systems are
evaluated using this fixed reference partition. Full details are given in Appendices[D} [E] and [F}

5.1 EXPERIMENTS ON SYNTHETIC DATA

Quadratic case. We consider scalar quadratic losses £;(w) = 1Q;(w — ;)% withn = H =
Q; =0, =1, Cy = 0.14, and orbit-wise minimizers (1,0.4,—0.2, —1), where A is the reference
adjacency matrix. Figure[la]illustrates the reference orbit structure: stationary marginals coincide
within each orbit and have distinct means across orbits, despite overlapping spreads. Analytical
verification and simulation details are provided in Appendix

Robustness under joint perturbations. We jointly perturb communication weights, local curva-
tures, noise amplitudes, and minimizers along 20 fixed directions at six defect levels between 0.001
and 0.2, always evaluating the fixed reference orbit partition. Figure[Ic|reports the stationary margin
Moy = Doywt — Diy, under the parameter metric of Corollary E} The margin remains positive in all
120 evaluated configurations: every cross-orbit distance exceeds every within-orbit distance. This
illustrates persistence of orbit separation in the sampled family, rather than a worst-case guarantee
over all admissible directions. The perturbation construction, analytical bounds, and O(e) scaling
diagnostics are provided in Appendix [E.2]

Exact compatibi“ty 1r4 Within-orbit agreement and cross-orbit separation Orbit separation
—e— Median; 10-90% range
Sampled minimum

Stationary mean +/- 2 SD

Parameter
o

12345678 91011121314 Time 1072 1072 107!
Node (fixed orbit labels) (b) Reference marginal Total defect €
(a) Stationary orbit marginals convergence (c) Robust orbit separation

Figure 1: Orbit structure and robustness. (a) Reference marginals with stationary means and +2
standard deviations. (b) Marginal W5, under exact compatibility: within-orbit maximum and cross-
orbit minimum. (c) Separation margins under joint perturbations: median (solid), sampled minimum
(dashed), and 10th—90th percentiles (shaded).
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(a) MNIST / MLP-LN (b) MNIST / ResNet (¢) CIFAR-10/MLP  (d) CIFAR-10 / ResNet

Figure 2: Final-checkpoint pairwise centered-logit squared distances in the Main condition, averaged over seeds.
Lines mark reference-orbit boundaries; darker colors indicate closer predictions. Color scales vary across panels.

Learning advantages. The reference stationary excess risk is 0.1802, compared with 0.2500 for
matched independent training and 0.2556 for the best single shared parameter. Both advantages persist
throughout the sampled perturbation family. Verification of the sufficient condition in Theorem [2]and
the corresponding risk comparisons are provided in Appendices[D.3|and [E:2]

Nonquadratic case. A smooth, strongly convex nonquadratic example with the same local minimiz-
ers and curvatures at those minimizers exhibits similar finite-time marginal grouping. This provides
a qualitative illustration beyond the affine setting; the construction, simulations, and scope of the
comparison are detailed in Appendix [E-3]

5.2 EXPERIMENTS ON REAL-WORLD DATA

Experimental design. We study orbit-aligned prediction patterns on MNIST (LeCun et al.,[T998)
and CIFAR-10 using MLP-LN and ResNet20-GN (He et al.|
[2016;[Wu & Hel [2018). The Main condition uses the graph in Figure 3] with 2000 distinct training
images per agent and matching class-frequency profiles within each reference orbit. Nodes in the same
reference orbit share a class-count profile but use distinct samples, while different orbits emphasize
different classes. Data construction, training, validation-based tuning, and the no-communication,
misaligned-data, and fully symmetric control conditions are detailed in Appendix [F}

Prediction-space evaluation. Figure 2] presents final-checkpoint pairwise squared distances be-
tween class-centered logits on a common test set. The distance and associated dispersion measures
are defined in Appendix[F] Egs. equation[27]and equation 28] Agents are ordered by the reference
orbits, so darker diagonal blocks indicate relatively similar predictions within those orbits, while
lighter off-diagonal regions indicate differences across orbits.

Results. Figure[2] shows orbit-aligned regions of relatively low predictive distance alongside visible
cross-orbit differences, despite the absence of within-orbit communication edges. Over the terminal
evaluation window, between-orbit dispersion exceeds within-orbit dispersion on average for all three
training seeds in each completed Main configuration. These finite-time prediction-space observations
are qualitatively consistent with the within-orbit agreement and cross-orbit separation characterized
in Theorem [I] parts (iii)—(iv), which concern stationary parameter laws. Numerical summaries and
control results are reported under Additional results in Appendix [F|

6 CONCLUSION

This work shows how alignment between local learning tasks and symmetries of the communication
graph can organize decentralized learners into statistically coherent groups corresponding to reference
orbits, without an explicit clustering step. Using an exactly compatible stochastic system as an
analytical reference, we characterize distributional orbit synchronization and stationary marginals. For
approximately compatible systems, we establish uniform-in-time and stationary O(e) perturbation
bounds in 2-Wasserstein distance. The stationary bounds yield approximate agreement within
reference orbits and explicit thresholds for preserving cross-orbit separation. By separating coupling
bias from stationary fluctuation cost, we derive sufficient conditions for lower stationary average
excess risk than both independent local training and the best single shared parameter. Both advantages
persist under sufficiently small perturbations, with guaranteed gains reduced by at most O(g).
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Synthetic experiments support these distributional and risk predictions, while experiments on MNIST
and CIFAR-10 show qualitatively consistent orbit-aligned prediction patterns.
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A NOTATION

Table 1: Main notation used throughout the paper.

Symbol Definition

G=0WV,¢) Communication graph with node set }V and edge set £.

N,m Number of agents and local parameter dimension.

I < Aut(G) Automorphism subgroup defining the graph symmetry.

w, Pr Graph automorphism and permutation matrix, with Pre;j = ex(;).

O(i), Ok, q, nk Orbit of node ¢, k-th orbit, number of orbits, and size ni = |Ok|.

D, L, L; Local data distribution, sample loss, and local population risk.

w;i(t), w(t) Local model parameter and stacked parameter vector.

w;,w* Reference local minimizer and stacked reference minimizer.

Zi, Q: Local quadratic surrogate and curvature matrix of agent <.

Lgiob(u) Equal-node-weighted single-model objective N ™' 3, L;(u).

R(w), Rs(w) Node-wise population and empirical risks.

S,Gs(w) Fixed training sample and generalization gap G's(w) = R(w) — Rs(w).
n, H Learning-rate scale and parameter-space communication coupling operator.
C = [Cy] Symmetric, nonnegative, graph-supported communication matrix; C;; = 0.
i, 2 Node noise intensity and stacked diffusion matrix ¥ = blkdiag(o1,...,0n).
B;(t), B(t) Independent node Brownian motions and stacked Brownian motion.

zi(t), z(t) Centered parameter z;(t) = w;(t) — w; and stacked centered state.

by, b* Communication bias b} = Zj CijH(w; — w;) and its stacked vector.

K Drift matrix of the centered SDE dz = (Kz + b*)dt + X dB.

Q(k)7 a““), w*® Common curvature, noise intensity, and reference minimizer on orbit Oy.
T),T., T Normalized orbit-average and transverse bases; full orthogonal matrix.
Mr, M Orbit-consensus subspace range(T”T ® I, ) and its orthogonal complement.
Z)(t), 2L (¢) Parallel and transverse coordinates of (7' ® I,,)z(t).

K I K, Parallel and transverse drift matrices.

X, XL Parallel and transverse diffusion matrices.

By(t), BL(t) Independent parallel and transverse Brownian components.

-0 e Euclidean vector or operator matrix norm, and Frobenius matrix norm.
Wa, = 2-Wasserstein distance between distributions, and convergence in distribution.
0o, 0< Exactly compatible reference and perturbed collections, including Co, C-.
QW k) g*k) Orbit-level quantities defining the exactly compatible reference collection.
€, €0, Mpar Compatibility defect, perturbation radius, and uniform parameter bound.
Ks,as5,%s Drift, affine term, and diffusion in original coordinates, § € {0, ¢}.

wo(t), we(t), v
spec(A), A Hurwitz
05, M35, s

We, W

15, 5

AR

Ceoet, Cdyn(l/)a Cstat
QL

Rij, Qi

m. (t), Cov (t)
ai,B,Cp

Zeq, §2

k> 2k

dPaT’ V’?
Din (5)7 Dout(f)
ém Morb (5)

¢i, Fs, D¢, Lo

Ur, Ui

P, Ir

Tparay Torth

Gen(t), Genpara(t),

Lgen,orth

Reference and perturbed processes, and their common initial distribution.
Spectrum of A; A is Hurwitz when all eigenvalues have negative real parts.
Stationary Gaussian distribution, mean, and covariance for § € {0,¢}.
Random vector with distribution gs and its ¢-th node block.

Reference stationary marginal mean and covariance of orbit Oy.

Reference gap ||uf) — wf|| + ||E% — Z9|| for a specified pair of distinct orbits.
Constants in the coefficient, transient, and stationary perturbation bounds.
Transverse stationary covariance matrix.

Same-orbit contrast map and limiting contrast covariance.

Transverse mean and centered covariance matrix.

Transverse spectral margin, rate 0 < 8 < «_, and semigroup constant.
Exact-reference equilibrium —K ~'b* and full stationary covariance.
Exact-reference stationary marginal mean and covariance on Oj,.

Gaussian parameter distance || — p|| + |2 — Z'||; stationary law £(W).
Largest within-orbit and smallest cross-orbit marginal parameter distances.
Minimal reference gap ming < A%, and separation margin Doyt (€) — Din (€).
Weighted degree, local drift, degree matrix, and weighted Laplacian.
Orbit-constant node subspace and its orthogonal complement.

Lifted permutation and group-averaged orthogonal projector onto Mr-.
Case-study notation for 7}, 7", and corresponding matrix blocks.

Expected full and orbit-level generalization gaps; transverse Hessian bound.
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B ADDITIONAL LITERATURE REVIEW

Decentralized stochastic optimization analyses study how communication topology and data hetero-
geneity affect convergence (Yuan et al., |2016; [Lian et al., 2017 [Le Bars et al., 2023)). Takezawa
et al.| (2026)) shows that the full spectrum of the mixing matrix, rather than the spectral gap alone,
governs the noise-driven part of the rate once the independence of stochastic gradient noise across
nodes is exploited, which explains why sparse topologies perform well under near-homogeneous data.
Topology-aware analyses further relate spectral properties of the communication graph to algorithmic
stability and generalization in decentralized SGD (Zhu et al.| |2022), while recent stability bounds
quantifying how additional gossip steps shrink the generalization gap to centralized training (Li et al.
2026). Our analysis examines how compatibility between local tasks and communication structure
organizes stationary parameter distributions across agents.

For agents with different local optima, diffusion LMS analyses quantify the bias caused by task
mismatch and identify conditions under which cooperation improves on independent adaptation (Chen
et al.l 2015)). Graph-regularized multitask learning further characterizes how network topology and
regularization strength affect steady-state mean-square performance (Nassif et al.,[2020). We connect
these performance questions to orbit-wise parameter distributions and give sufficient conditions for
stationary excess-risk advantages over both independent local training and the best single shared
parameter, with an O(e) reduction in the guaranteed gains under small joint perturbations of local
learning quantities and communication weights. Complementary approaches accommodate heteroge-
neous tasks by modeling task relationships in federated multi-task learning (Smith et al.l 2017), or by
estimating client groups and learning group-specific models (Ghosh et al., [2020).

In server-based federated learning, local models can be coupled to a shared model (T Dinh et al.|
2020; |L1 et al.l 2023)), or clients can be assigned to groups that learn separate models (Ghosh et al.|
2020). In decentralized settings, personalized models can be learned over a given collaboration
graph (Vanhaesebrouck et al.,|2017), jointly with the collaboration graph (Zantedeschi et al., 2020),
through soft clustering that accounts for different mixtures of data clusters across clients (Lin
et al.,|2024), or through dynamically formed coalitions in which clients cooperate only with peers
whose gradients and models are sufficiently coherent (Yang et al.l 2026). A related line shows
that, under strong heterogeneity, sparse communication keeps diverging local models mergeable,
so that inter-node parameter variance can act as a constructive rather than harmful component of
decentralized training (Zhu et al., 2026). In our analysis, the reference groups are orbits of a fixed
graph-automorphism subgroup, and the learning dynamics uses local updates and neighbor coupling
without a separate clustering or graph-learning step. Under approximate data-topology compatibility
and reference stability, we establish approximate agreement of stationary marginals within reference
orbits and persistence of cross-orbit separation whenever the reference gaps exceed the perturbation
bounds.

C PROOFS

C.1 GRAPH AUTOMORPHISMS

Graph automorphisms. Let G = (V, ) be a simple undirected graph with binary adjacency
matrix Ag € {0, 1}V*N . A graph automorphism is a bijection 7 : V — V such that

{ij}eé — An(),m()ye&  VijeV,i#j

Equivalently, Vi, j € V, (Ac)ij = (AG)x(i),x(;)- The set of all graph automorphisms forms a group
under composition, denoted Aut(G).

Lemma 1 (Automorphism matrices commute with the adjacency matrix). Let G = (V, E) be a simple
undirected graph with binary adjacency matrix Ag € {0, 1} XN Let 7 € Aut(G), and let P, be
the permutation matrix associated with m, using the convention

(Pﬂ)ijzl < Z:ﬂ'(j)

Then Pﬂ-AG = A(;Pﬂ-.
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Proof. By the convention for Py, we have Pre; = ex(j)- Hence, foranyi,j € V,

N
(PrAc)i; = ) (Pr)ie(Ac)y = (Ac)x-10)55
=1

because the only nonzero term in the sum occurs when ¢ = 7~ 1(7). Similarly,

N

(Agpﬂ—)ij = Z(AG)Z'Z(P#)M = (AG)i77T(j)'

(=1

Since 7 is a graph automorphism, it preserves adjacency and non-adjacency, so
(Ac)ab = (AG)n(a)nv)  Va,bEV.
Taking @ = 7~ (i) and b = j gives

(AG)x—13), = (AG)in(5)-

Therefore
(PWAg)ij = (Agpﬂ)ij Vi,j e.

Thus P.,TAG = A(;Pﬂ-. O]

C.2 EXPANDED FORM OF THE NODE-WISE DYNAMICS

This appendix gives the centering and stacking calculation for the dynamics in Section[2] In original
parameter coordinates, we write

N
dw;(t) = | —nQi(wi(t) — w}) + Z CijH (w;(t) —wy(t)) | dt + o; dB(t). (8)

Here the first term is induced by the local quadratic gradient model V L; (w) = Q; (w — wy), and the
second term is the neighbor-communication term.

Let z;(t) := w;(t) — w}. Since w is fixed, dz;(t) = dw;(t), and w;(t) — w;(t) = 2; () — 2z (t) +
wj — wy. Substituting this identity into equation gives

N
dzi(t) = | —nQ;zi(t) + Z CiH(z(t) — z:(t)) + > CijH (w} — w}) | dt + 0 dBi(t). (9)
j=1 j=1
Accordingly, let ¢; := Zjvzl Cij, Fy == —nQ; — ¢;H, and b} := Z;Vzl C’in(w]*- — wy}). The
compact centered node-wise equation is
N
dzi(t) = | Fizi(t) + Y CijHz(t) + b} | dt + 0; dBi(1). (10)
j=1

Here F;z;(t) contains the local quadratic drift and the self-contribution from communication,
> ; CiiH 2, (t) collects incoming neighbor states, while b} represents the communication bias in-
duced by differences among reference local minimizers. The scalar C;; specifies the graph-level
communication strength, while H maps parameter differences into update directions.

Stacking the node equations gives equatlonm with K;; = F;, K” = CyH for i # j, Xy = oy,
and ¥;; = 0 for i # j. The identity F; = —nQ; — (3_; Ci;) H gives the diagonal blocks used in
the main text directly. These centering and stacking 1dent1t1es do not require the exact compatibility
specified in Definition
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C.3 PROOF OF THEOREM[3]

We first record the equivariance of the affine coefficients induced by Definition[I] This algebraic step
is what makes the orbit-aligned decomposition exact.

Lemma 2 (Equivariance of the affine coefficients). Under Deﬁnition let ]3,r = P, ®1,,. Then,
foreverym €T,

P.K = KP,, P.YX=YP,, P.b* = b*.
Proof. Fix m € I'. Because ();, 0;, and w} are constant within each orbit and P,C' = CP;, the
block matrices defining K and 3 are invariant under the lifted permutation P, = P; ® I,.

Let ¢; := Z;\le Cij, D¢ = diag(ci,...,cn), and Lo := Do — C. Because 7 is bijective and
Cx(i),n(j) = Cij, reindexing the weighted-degree sum gives

N N N
Cr(i) = Z Crig = Z Cr(iym(e) = Z Cie = ¢;.
j=1 =1 =1

Hence D¢ commutes with Pr: both Pr D¢ and D¢ Py map e; to ¢;er ;). Together with P, C = C P,
this implies Py Lo = Lo P

Since @); and ¢; are constant within each orbit, so is F; = —nQ; — ¢; H; denote its common value on
O, by F*®)_ Foreach k = 1, ..., g, define the diagonal orbit-selector matrix

J®) = diag(1{1 € O.},...,1{N € O,}) € RV*V,

Since every 7 € T maps each orbit O}, onto itself, P,J*) = J) P_ Using Cy;; = 0, the block
definitions of K and X can therefore be written as

q
K:ZJ(k)®F(k)+C®H, E:ZJ(k)(g)g(k)_
k=1

=1

x>

The mixed-product rule then gives

PK =Y (PJ")eF® 4 (P,C)® H

M=

=
Il
—

(JPP) e F® 4 (CPy) @ H = KP.

[
M=

=
Il
—

Applying the same argument to the orbit-wise constant diffusion blocks o(¥) gives P.% =YP,.
The i-th block of —(Lc ® H)w* is —c;Hw; + >, CyyHw; = . CijH(w; — w;) = b}. Thus,
b* = —(Lec ® H)w*. Moreover, the orbit-wise equality of the reference minimizers implies
P,w* = w*. Consequently,

P.b* = —P.(Lc ® H)w* = —(Lc ® H)Pyw* = b*.

Therefore, ETK = Kﬁﬂ, ETZ = E]SW, and ﬁ,rb* = b* forevery w € T O

Proof of Theorem[3] By Lemma for every 7 € T, P, K = KP,, P,¥ = $P,, and P,b* = b*,
where P, = P, ® I,,,.

The rows of TH are orthonormal because the orbits are disjoint; the chosen rows of T} complete them
to an orthonormal basis, so 7' is orthogonal. Its parallel rows compute normalized orbit averages,
while its transverse rows capture deviations from those averages. A vector is fixed by all node
relabelings in I exactly when its node blocks are constant within each orbit. Hence

Mp={zeRN": P.g = g foreverym € T} = mnge(THT ® Ip).
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Define the group-averaged operator
~ 1 ~
H]" = m Z P T

We first verify that Iy is the orthogonal projector onto Mr. Since Rj = ~7T71 and inversion
permutes the elements of T,

~ 1 ~ ~
) = = Y Pr =1Ir.
|F| mel’

Moreover, every element of I" occurs exactly |I'| times among the products prr, so

Thus every vector in range(ﬁp) is fixed by all 13,3. Conversely, if x € Mr, then ﬁﬂx = x for every
7, and hence IIrx = x. Therefore,

range(Ilr) = M, ker(Ip) = Mg
Because the rows of ) form an orthonormal basis of the orbit-constant node subspace and the rows

of T'| span its orthogonal complement,

Averaging the coefficient identities in Lemma[2] over I gives
Kl = [Ir K, S = Iy, b = b*.

The first identity shows that both M and M f: are invariant under K. Indeed, if ﬁpm = z, then

Kz = Ka; if Hpa = 0, then IIp Kz = 0. The same argument applies to . Consequently, all
parallel-transverse cross-blocks vanish:

(T @ In)K(T| ® I,)
(Tll ® Im)Z(TI ® Im) =

0, (TL®In)K(T ©1,) =0,
, (TL @ L)X(T @ 1n) = 0.
Moreover, ﬁpb* = b* implies b* € M, and therefore

(TL ® I,)b* = 0.

Now define 2(t) := (T ® I,,)2(t) and B(t) := (T ® I,,,)B(t). Since T ® I,,, is orthogonal, it
preserves the Gaussian independent increments and covariance of B. In particular, for 0 < s < ¢,

Cov (B(t) - B(s)) = (t—8)(TRL )T ®1In) = (t— 8)Inm.

Hence B is a standard Nm-dimensional Brownian motion. Its parallel and transverse coordinate
blocks have zero cross-covariance; since they are jointly Gaussian, B and B are independent
standard Brownian motions.

Multiplying equation[l|by 7' © I,,,, and using z = (T ® I,,,)Z and dB = (T ® I,,,)dB, gives
a5(t) = [(T' @ L) K(TT @ L)2(t) + (T @ L)b* | dt

+(T®1L,)2(TT @ I,,) dB(t).
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Using the vanishing cross-blocks, the definitions of K, K1 ,3, ¥, and the identity (TL&1,)b* =
0, this equation separates into

dz) (t) = [K)2)(t) + (T) ® In)b*]dt + Xy dB) (¢),
dz, (t) = K 2, (t)dt + 2, dB, (t).
This proves the exact dynamical decomposition.

It remains to justify its orbit-level interpretation. From the definition of 7j, the k-th block of the
parallel coordinate is
(211 Z ailt

’LGOk
which is the normalized orbit aggregate, equivalently /n times the arithmetic orbit average.

The communication weights also induce a well-defined quotient coupling. Indeed, let i,i’ € O.
Then i’ = 7 (i) for some 7 € I'. Because every I'-orbit is invariant under 7, we have 7(Oy) = Oy,

and therefore
Z Ci’j = Z Cﬂ(i),ﬂ(r) = Z Cir.

JEO, reQy reQy

Thus the total communication weight from a node in Oy, to O, does not depend on the selected node
in Oy,. Consequently, C' maps orbit-constant vectors to orbit-constant vectors, and THCTHT is its

quotient representation in the normalized orbit basis. Together with the orbit-wise constancy of );,
0;, and w;, this shows that the parallel equation is precisely the affine orbit-level quotient dynamics.

Finally, for 4, j in the same orbit, (e; — ej)TTH—r = 0. Since T is orthogonal,

2i(t) = 2(t) = [(ei — ;) T ® L] Z1(2),
so the transverse coordinate contains all within-orbit disagreement modes. Definition[T]also gives
w} = w}. Hence
w;(t) —w;(t) = (zi(t) + w:) - (zj(t) + w;‘) = z;(t) — 2z ().

This proves all claims. O

C.4 PROOF OF THEOREM/[I]

The proof first bounds the coefficient perturbation and establishes a common stability margin. We
then prove the four conclusions of Theorem [I]in their stated order. The reference orbit structure
is derived directly from equivariance and uniqueness of the stationary law, without using the later
reference proofs.

Proof. We first establish the coefficient and stability bounds used throughout the proof. Let M., <
oo be a common uniform bound on the reference and perturbed local quantities, as guaranteed by
Definition[3] For i € Oy, the drift perturbation has blocks

N

(K. — Ko)ii = —n(Qi — Q™) — Z(CE —Co)ij ¢ H,

=1
(K. — Ko)ij = (C. — Cy)ijH (i #7),
while

(a: = ao)s = n](Qi = QW)wi + QW (w} — @)

The off-diagonal communication perturbation is (C. — Cy) ® H, and the weighted-degree correction
satisfies

N
max Zc —C9)ij| < VN||C. = Collp.

18
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Consequently,
1K. — Kol < {n+ 1+ VN)|H|]e,

las — aoll < 2nMparV N e, |2 — Xollr < VNe.
Thus, for some Ciper < 00 independent of &,
| Ke — Kol + [lac — aoll + [[Ze — Zollp < Ceoete.
This coefficient bound does not require stability. For the remaining claims, assume that the reference

drift matrix K is Hurwitz. Then there exist Mg > 1 and ag > 0 such that ||efof|| < Mye=ox?
for all ¢ > 0. Duhamel’s formula followed by Gronwall’s inequality gives

le®et|| < Mg exp{f(ozK — Mgl K. — K0||)t} .
Choose e > 0 such that Mg Ceoereo < i /2, and set v := a i /2. Then, for every 0 < e < g,
|efot| < Mge™,  t>0, &§€{0,¢}.
In particular, K. is Hurwitz.

Part (i): Uniform-in-time distributional stability. Let X ~ v have finite second moment and
be independent of the driving Brownian motion. Couple the two systems synchronously by setting
we(0) = wp(0) = X and using the same Brownian motion. The mild representation of the reference
process and the uniform semigroup bound give

1/2 w12 Mg My
sup (E||wo(t 2 < Mg (E||X + —||ag|| + —= |2 =M, < .
tzo( [[wo(#)]%) x (E[|X]1?) 5 llao| \/ﬂH ollp

Define ((t) := w.(t) — wp(t). Since ¢(0) = 0, subtracting the two affine SDEs and applying
variation of constants yields

¢(t) = /0 (=) [(K. — Ko)wo(s) + (ac — ag)] ds

t
+/ eRe(t=8) (2. — 20) dB(s).
0

Minkowski’s inequality, [td’s isometry, and the preceding coefficient and semigroup bounds imply

|:MK Ccoef MK Ccoef
¥ V2y
Because the synchronous construction is an admissible coupling,

§1>113 Wa(we(t), wo(t)) < Cayn(v)e.

sup(B[|c(6)]2)"? < (M, + 1)+ e =: Cayn(V)e.
>0

This proves part (i).
Part (ii): Stationary-distribution stability. For 6 € {0, ¢}, define

oo
_ T
ms = —Kj Las, Qs ::/ eK‘;SE(;E;eKJ Sds.
0

The uniform exponential bound makes the integral finite. Moreover, €25 >~ 0, possibly singular, and it
is the unique solution of

KsQs + Q(;K;— + 252; =0.
Indeed, differentiation under the integral verifies the equation, while Hurwitz stability gives unique-
ness.

Splitting the integral defining (2s at any £ > 0 and using the variation-of-constants representation
show that g5 = N (mg, Qs) is stationary. For any initial random vector Y, independent of the future
Brownian increments,

t
ws(t) = ms + XN Y —mg) + / Ko=) 55 dB(s).
0
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The initial-condition term converges to zero almost surely, and the stochastic convolution converges
in distribution to A/(0, Q). Hence every stationary distribution must equal gs, proving uniqueness.

Subtracting the two stationary mean equations gives
Mg

me —mo = —K-1[(K. — Koymo + (a- —a0)],  ||K-Y < / Mice e = 5.
0

It follows that ||m. — mgl|| < Cieané for some Chyean < 00 independent of e.

Next, let Dg := Y5 Z(;T. Uniform boundedness and the coefficient estimate give
|D. = Doll < (1| + o]} IIS- — Sofl < Cie.

Define
€. = (K. — Ko)Q0 + Qo(K. = Ko)" + (D= — Do)

Then || €. || < Cge, and subtracting the two Lyapunov equations yields
Q. — Q= / efete Rt dt.
0

Consequently,
M
[€2 — Qo] < T”Gs” < Ceove
2l

for some C.o, < 00.

It remains to control the stationary Wasserstein distance. Extend B to a two-sided Brownian motion
and construct

0
WP = mg +/ e K55%5dB(s), WP ~ os.

— 00

For © > 0, Duhamel’s formula and the uniform semigroup estimate give
efen — efov|| < M2 || K. — Ko|lue ", |efevn, — eFous|lp < Cae(l + u)e 7

for some C¢ < oco. Using the same two-sided Brownian motion in both stationary representations
and applying Itd6’s isometry therefore gives

=. 1/2
Wa(o-, 00) < (E[WE — WO|12)"/
) 1/2
< |lme — mgl| + Cae [/ (1+u)?e” 2" du < Cyye.
0
Increasing Cg,t if necessary gives
Wa(0e, 00) + [[m= — mo|| + [[Q2 — Qo] < Cstate.
This proves part (ii).

Part (iii): Approximate agreement within reference orbits. Let W ~ o5, with node blocks Wf .

Lemma applied to the reference, together with the orbit-wise constancy of the blocks 7Q*)*(*)
of ag, implies, for every m € T,

P, Ky = KoPy, Prag = ao, P30 = %o Py

The transformed mean and covariance therefore satisfy the same stationary equations as mq and 2.
By uniqueness,

ﬁﬂ—mo = my, ﬁﬂ—Qoﬁ; = Q().

Thus, for every i € Oy, the quantities 9 := (mg); and Z¢ := Q(i’i) are independent of the selected
y q K k 0 p
representative, and the reference marginal distributions coincide within each orbit.

Since coordinate projection is 1-Lipschitz, for distinct 7, j € Ok,

Wo(We, W5) < Wo(WE, W) + Wa (WP, WE) < 2Wa(oe, 00) < 2Cwe.
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Moreover, the map = — ((e; — ¢;) " ® I,)x is v/2-Lipschitz, so
W (We =W, WP —W?) < vV2Wa(oe, 00) < V2Cwe.
After increasing Cg; . if necessary, these are the two same-orbit bounds in part (iii).
Block projection of the stationary mean and covariance bounds further gives, for every ¢ € Oy,
1(me)s — @] + 1987 = E < Cutae
This proves part (iii).

Part (iv): Persistence of cross-orbit separation. Fix any pair 1 < k < ¢ < ¢, and use the reference
gap AY, defined in the theorem. For arbitrary i € Oy and j € O, the triangle inequality gives

[(me)i = (me);l| + Q8D — QP > Ay — 2Cstare.

If 2C5tate < A% 0> the right-hand side is positive. Hence the two stationary Gaussian marginals differ
in their means or covariances. This proves part (iv) for every reference orbit pair.

All constants are uniform over the admissible perturbed collections for 0 < ¢ < (. The stationary
constants depend only on the fixed reference, N, m,n, H, and M,,, whereas C’dyn(y) may addi-
tionally depend on the second moment of v. Taking a single enlarged Cg;,¢ to cover the bounds in
parts (ii)—(iv) completes the proof. O

C.5 PROOF OF THEOREM[]

We prove the synchronization criterion using the orbit-aligned decomposition from Theorem 3] These
exact-reference results require only transverse stability, unlike the full stability used in Appendix [C.4]
The key linear-algebraic fact is that same-orbit contrasts span the transverse subspace.

Lemma 3 (Same-orbit contrasts span the transverse space). Let Upr C RY be the space of orbit-
constant vectors. Then

Uﬁ:{xeRN: Sz =0, k:l,...,q}.
1€Q

Moreover, UIJ- is spanned by the vectors e; — e; with distinct i, j belonging to the same orbit.

Proof. Every u € Ur can be written as u = 1., aklo,, where 1, denotes the indicator vector
of Oy. Hence « | Uy if and only if

0=(z,10,)= > =, k=1...,q
€O
For each orbit O, the subspace
{xERO’“: in:O}
1€0
is spanned by the vectors e; — e; with distinct 7, j € Oy. Taking the direct sum over all orbits proves

the claim. O

Proof of TheoremH] By Theorem 3] the transverse coordinate satisfies the autonomous Ornstein—
Uhlenbeck equation

dz) (t) = K, 2, (t)dt + X, dBy ().

For distinct 4, j € O, the conditions of Theorem [3[ give w; = w}, and hence w;(t) — w;(t) =
zi(t) — z;(t). Let

dij == e; — ej, rij =T d;j, R;j = rlTJ ® Iy,
Because d;; € Uf, it is orthogonal to the parallel subspace. Using 2(t) = (T'" ® I,,,)Z(t), we obtain
wi(t) — w;(t) = (d; @ In)2(t)
= (rj @ In)Z1(t) = Rig2. (8)-
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Moreover,
Rij = ((ei —ej) ' T1) @ I,
which agrees with the definition in Theorem ]

We first prove sufficiency. Suppose that K| is Hurwitz. The variation-of-constants formula gives

t
F1(0) = Kz (0) 4 [ KIS dBL (o),
0

For every square-integrable initial condition independent of the driving Brownian motion,

- 2 2 ~ 2

E[[le®+ 42 0)]°] < e E[ Iz (0))7] — 0.
The stochastic convolution is centered Gaussian with covariance
t
.
Q) = / eflesy mlefisgs.
0
Hurwitz stability implies
o0 T
QL(t) — Q) = / efrsy ] efis ds,
0

where the integral is finite and positive semidefinite. Moreover,

> d K, T K|
_ SZ Z J.S> d
/o 75 (e 1 e S

-2, %],

K Q +Q. K[

Thus Q| solves
KQ +Q K[ +%,%] =0.

To prove uniqueness, suppose that {27 and €25 both solve this equation. Then D := )y — Q5 satisfies
K, D+ DK =0, and therefore

KLt peKit — D, t>0.

The left-hand side converges to zero because K| is Hurwitz, so D = 0. Hence €1, is the unique
solution.

The variation-of-constants representation and Slutsky’s theorem now give
Zi(t) = N(0,Q,).
Applying R;; yields
w;(t) —w;i(t) = Ri;Z1 (1) = N(0,Q4), Qij = Ri; QL R},

The limiting covariance depends only on the system coefficients and is therefore independent of
the initial condition. This proves sufficiency and the stated extension to square-integrable initial
conditions.

We next prove necessity. Suppose that distributional orbit synchronization holds for every deter-
ministic initial state. By Lemma the vectors d;; = e; — e;, with distinct 4, j in the same orbit,
span U+. Hence the vectors rij = T d;; span RV =9, and the maps R;; = 7“;'; ® I, separate points
in RIN=9™ _ Since there are finitely many same-orbit pairs, norm equivalence gives a constant
Cobs < 00 such that
ol < cobs  max || Rijul,  ve RON=om,
]

1,7 in the same orbit

Suppose, toward a contradiction, that /| is not Hurwitz. In finite dimensions, K | is Hurwitz if
and only if e+t — 0. Hence there exists & € R(V=9™ gsuch that eX+t¢, 4 0. Choose the
deterministic initial state

20) = (T @ In) [2)} L 2.(0) = &
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For this initial state,
E[zL(t)] = e"+'6.
The observability inequality implies that there exists a distinct same-orbit pair ¢, j for which
RijeKLtfo 7L> 0.
Consequently,

E[Uh(t) — wj (t)] = RijeKlt&) 7L> 0

For a deterministic initial state, w;(t) — w;(t) is Gaussian at every time because the dynamics are
linear with additive Gaussian noise. Weak convergence of finite-dimensional Gaussian to a centered
Gaussian law implies convergence of their mean vectors to zero, even when the limiting covariance is
singular. This contradicts the preceding display. Therefore K | is Hurwitz, completing the proof. [

C.6 PROOF OF THEOREM[3|

Proof. Under the standing nontrivial-orbit setting, & | is nonempty. By the conditions of Theorem {4}
it is Hurwitz, and hence

a); = —max{ReA: X € spec(K )} > 0.

For every 8 € (0, vy ), the standard semigroup estimates for K, and K I give a common constant
Cp > 1 such that

max{ [’ [FL } < Cpe™™, £ =0,
Taking expectations in the transverse equation gives
lm o (@) = [le®+ m L (0)]| < Cpe™ lmL(0)].
For the transverse covariance matrix
Covy(t) =E[(ZL(t) = mo(®))(Z(t) —mL(t)'],
the Ornstein—Uhlenbeck covariance evolution gives

%COVL(t) =K, Cov, (t)+Cov (H)K| +%,%].

Subtracting the Lyapunov equation for {2, and solving the resulting homogeneous matrix equation
gives
Cov, () — Q) = K44 (Cov, (0) — Q1 )eX1t,
Therefore,
.
[ Covi(t) = Qo < e[| Covi(0) — Qi [le®+*|

< Cje 7| Covi(0) — Q.

This proves both moment-rate bounds. O

C.7 PROOF OF THEOREM[@]

We first derive the affine equilibrium from Hurwitz stability and establish convergence to the unique
stationary Gaussian distribution. We then use the I'-equivariance of the coefficients to prove that the
node marginals are common within each orbit, after which the separation criterion follows from the
characterization of finite-dimensional Gaussian distributions.

Proof of Theorem @ For w € T', write ]5,T := P, ®1,,. Under the conditions of Theorem Lemma
gives B B N B N

P.K = KP,, P.Y =%P,, P.b* =",
The same conditions also imply Pow* = w*.

Since K is Hurwitz, zero is not an eigenvalue of K, so K is invertible. Consequently,

Zoq 1= —K 1"
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is the unique solution of K z.q + b* = 0. Moreover, for every m € I,
Kﬁﬂzeq +b* =P, (Kzeq + b*) =0.
Uniqueness of the affine equilibrium therefore gives ﬁ,r Zeq = Zeq forevery m € I'. Hence zoq € M.

Define the recentered process y(t) := z(t) — zeq. Since Kzeq + b* = 0, the affine SDE for z(t)
becomes
dy(t) = Ky(t)dt + £ dB(t),

where B(t) is the stacked driving Brownian motion. Its variation-of-constants representation is
t
y() = Kty(0) + G, G(t) = / K95 4B (s).
0

Because K is Hurwitz, there exist constants Mg, cx > 0 such that
et < Mge st t>0.
For every square-integrable initial condition independent of the driving Brownian motion,
E[lle®*y(0)[?] < Mie™***E[||y(0)[|*] — 0.

Thus e?y(0) — 0in L?, and hence in probability. In particular, the initial condition need not be
Gaussian.

The stochastic convolution G(t) is a centered, possibly degenerate, Gaussian vector. By Itd’s isometry,
its covariance is

t t
Qt) = / U= nRT K (t=5) gg = / TN T K s gs.
0 0

The exponential semigroup estimate gives
HeKszzTeKTsH S M[Q(E_QCKSHZZTH.
Therefore
o0 T
Q.= / fenn ek s ds
0
is finite and Q(¢) — Q. Since every integrand is positive semidefinite, {2 > 0, although it may be
singular.

We next verify the Lyapunov equation. Differentiating the integrand and using the exponential decay
at infinity gives

> q
KO+ QKT = / = (eKszzTeKTS) ds = —x5 7.
0 S

Hence
KQ+ QKT +2xT =0.

To prove uniqueness, suppose that 2; and €25 both solve this Lyapunov equation, and let D :=
Oy — Q. Then KD + DK T = 0, and therefore
d
= (e5De" ™) = X (KD + DK )Rt 0.

It follows that eXtDeX 't = D for every t > 0. Since K is Hurwitz, the left-hand side converges to
zero as t — oo, and hence D = 0. Thus 2 is the unique solution of the Lyapunov equation.

For every u € R™V™ the characteristic function of G/(t) satisfies
) 1 1
E [e”‘TG(t)} = exp <—2UTQ(t)u) — exp <—2UTQU) )

Consequently, G(t) = N(0,Q), including when ( is singular. Combining this convergence with
ef*y(0) — 0 in probability and applying Slutsky’s theorem yields

y(t) = N(0,Q).
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Since w(t) = w* + zeq + y(t), the continuous mapping theorem gives

w(t) = N(w* + zeq, Q).
We now show that this limiting Gaussian distribution is stationary. Splitting the integral defining (2 at
time ¢ gives

Q=K1K 4 Q(t).

If y(0) ~ N(0,) independently of the future Brownian increments, then e®?y(0) and G(t) are
independent centered Gaussian vectors. Their covariance matrices sum to €2, so y(t) ~ A (0, Q) for
every t > 0. Hence NV (0, ) is stationary for the y-process, and its translation

N(w* + 2eq, Q)
is stationary for the w-process.

This stationary distribution is unique among all probability distributions, not only among Gaus-
sian distributions. Let v be any stationary distribution of the y-process, and initialize y, (0) ~ v
independently of the Brownian motion. Then

yu(t) = "'y, (0) + G(t)
has distribution v for every ¢t > 0. Moreover,
ey, (0)] < Mge <y, (0)| — 0 almost surely.

Since G(t) = N(0,Q), Slutsky’s theorem gives y, (t) = N (0,Q). But y,(¢) has distribution v
for every ¢, so v = N(0,2). Translation now shows that N'(w* + zeq, 2) is the unique stationary
distribution of the w-process.

It remains to establish the orbit structure of this distribution. Since P; is orthogonal and commutes
with X,
P.EXY'P = (P.X)(P2)" = (ZP)(ZP,) =%,

Consequently, }S,TQJSWT satisfies
K(PQP]) + (POP))KT + 327 = P (KQ+ QK +S2T)P] =0.
By uniqueness of the Lyapunov solution,
POP] =Q, rwel.

Together with ]Bﬂw* = w* and JBW Zeq = Zeq. this shows that both the limiting mean and covariance
are I'-invariant.

For a block vector x € RN™ let x; denote its i-th m-dimensional block. For a conformably
partitioned matrix A € RN™*N™ et A(43) denote its (4,5)-th m x m block. The convention
Pre; = er(;) implies

(157717)#(1‘) =, (P AP @:m()) — g(0),
If i,i" € Oy, then there exists 7 € T" such that i’ = 7(%). The preceding invariance identities therefore
imply

(W* + zeq)ir = (W + 2eq)i, Q) = QU
Thus, for any ¢ € Oy, the quantities

g = (w* 4 Zeq)i7 Zp = Qe
are independent of the chosen representative .
Applying the continuous mapping theorem to the i-th node block of w(t) gives
w;(t) = N (ur, Ex), i€ O.

Therefore every orbit has a well-defined common limiting marginal distribution.
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Finally, since ¢ > 2 by the standing assumption, the collection of distinct orbit pairs is nonempty.
Two finite-dimensional Gaussian distributions, including singular ones, are identical if and only if
their mean vectors and covariance matrices are identical. Therefore, for any distinct &, £, the common
limiting marginal distributions of Oy, and O are different if and only if

Pk # e or  Eg # Ep.

Consequently, by Definition [0} the limiting regime exhibits distributional orbit separation if and only
if there exist k # ¢ such that

i 7 He or  Ep# I
This completes the proof. O

C.8 PROOF OF COROLLARYI]

The block-parameter bound in Theorem[T] gives the margin corollary by comparing every stationary
node marginal with its reference orbit marginal.

Proof of Corollary[I} Under the stated assumptions, equation 4] gives, for every ¢ € Oy,
dpar (Vf N(,UJ(]iyE']?)) S Cstats-
For i, j € O, the triangle inequality through their common reference marginal yields

dpar(va V;) S chtat5~

Taking the maximum over same-orbit pairs gives D;,(€) < 2Cstate. Fori € O, j € Oy, and k < £,
the reverse triangle inequality gives

dpar(l/fa V;) Z A(];[ - 2Cstat5 2 AO - 2cstat5'

Taking the minimum over cross-orbit pairs gives the stated lower bound for Do, (¢). Therefore
Morb(g) = Dout({':) - Din(g) Z Ao - 4Cstat€-
By assumption, Ay > 0. If 0 < ¢ < ¢gg and 4Ctate < Ay, then

A
Din(g) S 2Ostat€ < 770 < é() - 2Cstat€ S D011t(5)-

Hence the separation margin is positive, and the threshold A /2 separates all within-orbit pairs from
all cross-orbit pairs in dpa,. O

C.9 PROOF OF THEOREM[Z]

We first derive the stationary risk decomposition, the two comparison benchmarks, and the exact
communication gain identity for a fixed configuration with @); > 0, symmetric nonnegative commu-
nication weights, and H + H " = 0. We then establish the reference gain bound and use Theorem
to transfer both learning advantages to approximately compatible collections.

All risks use the quadratic evaluation losses from Section[2] with the local coefficients matched within
each comparison. The expectation is over the stationary parameter law; for quadratic population
losses this is their expected excess risk, and otherwise it is the risk of the local quadratic surrogate.
The exact gain identity separates the reduction in stationary fluctuation cost from the bias due to
coupling different local optima. The coefficient bound g is a sufficient certificate for a positive gain,
while Ci;sxe controls the loss of its margin under perturbation. An explicit coefficient check is given

in Appendix

Proof of Theorem[2} For & € {0, e}, write Q%, w}*° for the local curvature and minimizer, and set
Qs := blkdiag(Q?) and w} := col(w}’). Thus Q¢ = Q; and w}** = w, while Q¥ = Q®
and w:’o = @w*®) for i € Of. Let &y initially be the radius supplied by Theorem [I| and set
Qs = % ming )\min(Q(k)) > 0. After decreasing ¢ so that £g < g, the curvature perturbation bound
gives Q% > q.I,,, for every node and 6 € {0,¢}.
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Risk decomposition and comparison benchmarks. Let e5 := ms — wj. Expanding the quadratic
losses around ms, using E(W?® — ms) = 0 and Cov(W?) = Qj, gives

1
Es = N [6(—5ng€5 + tr(Q(;Q(;)] . (11D

This identity applies to both the reference and perturbed coefficients.

The independent-training benchmark is obtained by setting C's = 0 while keeping the local objectives,
7, and ¥ fixed. The resulting process has drift —nQs(w — wj), stationary mean wj, and covariance

Q9 4 satisfying nQs Q20 4 + 192 Qs = XX . Taking traces and applying equation gives

(Qéde) _ ||E5||%‘
2N ANy

Emd = (12)

For a common parameter v € R™, define the average excess risk Fs(v) := (2N)~' > (v —
w ) TQ% (v — w}®). The shared-parameter benchmark is

) .
Hone 1= min Fs(v).

The unique minimizer is v§ = (3>, Q%) ™1 3", Qdw;"°, S with HZ,, = F5(v¥). Completing the square

yields
1
Fy(v) = Hope + o35 (0 = 05) (ZQ ) (v —v3). (13)

Consequently, EF5(Y) > H?_. for every random shared parameter Y'; positive definiteness makes

its risk infinite when E||Y||? = oc.

Exact communication gain. For either § € {0,¢e}, set L¢, := diag(Cs1y) — Cs and Ss :=
Les ® (H + HT)/2. The graph assumptions and H + H " = 0 imply S5 > 0. Moreover,

Ks + K(;r

2
Taking the trace of the stationary Lyapunov equation gives
||E5||12;~ =2n tI‘(Q(;Qg) + 2'51‘(5595).

Combining this equality with equation[TT]and equation[I2]yields the exact gain identity
_ tr(SsQs) e Qses

2Nn 2N

The first term is the reduction in stationary fluctuation cost, and the second is the coupling bias. The
derivation uses neither orbit compatibility nor positive definiteness of the diffusion covariance.

—Ks =nQs + Loy ® H, =nQs +Ss > 0.

Emd & = (14)

Reference gain certificate. The reference centered forcing is b§ = —(L¢, ® H)wj, so the
stationary mean equation gives —Kpep = bjj. Weighted Cauchy—Schwarz therefore gives

neg Qoeo < —eg Koeog = eg by < \/eOTQoeo\/(bg)TQalbg.

Thus . -
) Qoe() < (bg) QO bS (15)
2N —  2Np?
including when eg = 0.
For the covariance lower bound, set
Ko+ Ky
RO = —%:T}QO‘FSO}O

Thus By = Amax(Ro) > 0, and $oXJ = dol with dy > 0. Since Ry < Bo1,

d Ro
ZOZJ—FEROEdO (I—BO) = 0.

27



EVIE Papers

Since K is Hurwitz, integration of the derivative of eX0tefo t gives IS eFot (Ko + K e Kot gt =
—I. Combining this identity with the stationary covariance representation yields

do /Oo Kt|: do ] K]t
Qo — —1 = ot Iy,xl — =R otdt = 0.
0 250 0 o B -

Since Sy > 0, the covariance lower bound and equation 15} applied to equation|14]at € = 0, imply

do tr(S b) " Qy by
glnd & > Or( 0>_(0> QO 0:.90
4NnpBo 2Nn?
The last equality follows from equation[6] Indeed, the zero diagonal of Cy and the block-diagonal

form of Qq give

N
tr(So) = tr(H) tr(Le,) = tr(H) > (Co)ijy (b)) Qolb*—zz )T QN1 (by)s.
3,j=1 k=1i€0y

Perturbation of the risks and benchmarks. In the remaining estimates, C' < co may change from
line to line but depends only on the quantities permitted in Theorem [T} Definition 3] gives
IQ: —Qoll <& llwl —wi| < VNe, |8~ Zollr < VNe.
Together with the stationary moment bounds in Theorem[l] these imply ||e. — eq|| < C and uniform
bounds on [|es]], |Qs ||, and [|Q2s]|. Expanding equation [I1} using |tr(AB)| < Nm||A||||B] for
Nm x Nm matrices, and absorbing the uniform norm bounds into C, gives
|€a - 5O| < C(Hes - eO” + HQS - QOH =+ ”Qa - QOH) < Ce.

Similarly, equation[12] gives

< [Zelle £ [Zollr

& Ye — 2 < Ce.
| ind m ‘— 4NT] || € OHF s Ce

For the shared-parameter benchmark, write M := M,,. Since ZZ Qf > Nq.1,,, the formula for
vs and the parameter bounds give

1 5
o3l < =Y 1Q2 lw;*|| <
Ng
i

For any v with [|v|| < R, set 70 := v — w}°. Then ||r{|| < R+ M and ||rs — || < e. Set
Cone := (R + M)* + M(R + M). Expanding the quadratic forms and using these norm bounds
gives

R M R+ M
1) = Ry < LD She: - Q0+ MM ™ 10 < o

The constant Cyy, is independent of the perturbed collection. Evaluating this bound at vg and v},
respectively, yields

H(E)ne — ( ) < Hgne + OOH€€7 Hone S FO( ) < 7'[(E)ne + Conea
Hence |Hone Hgne| < Conee-
Part (i): Benefit of communication. Combining the reference gain bound with the preceding
perturbation estimates gives a finite constant Clg such that

1nd 5 > gmd 50 - C’riskg > go — Ol'iskg-

2
=: R.

*

Part (ii): Benefit of task-specific parameters. The same estimates give, after a common enlargement
of Crisk7

Hone = € = Hone — €0 — Crisk€ = go + Hone — Eia — Criske-
The assumption on gy makes both reference lower bounds positive. Decrease ¢ further so that

1 .
Chriskeo < 2 Mnin {90, 90+ Hope — Eha} -

Both lower bounds are therefore strictly positive for every 0 < € < g(, which establishes the two
strict risk comparisons. Equation equation [I3] extends the second comparison to every random
shared parameter. All constants and the final perturbation radius are uniform over the admissible
collections. 0
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D CASE STUDY: QUADRATIC FOUR-ORBIT SYSTEM

4 orbit blown-up path graph 04
02
o1 ° Quotient Graph
2
4 o1 02 03 04
. |01=2 |02|=3  |03|=4 |04|=5
3
{1,2}
{3,4,5}

{6,7,8,9}

{10,11,12,13,14}

Figure 3: Four-orbit blown-up path graph and its quotient graph. Colors indicate automorphism
orbits.

This appendix analytically verifies the orbit structure and learning advantages of the scalar quadratic
four-orbit system. The graph in Figure [3is the common communication topology used throughout the
synthetic and real-data experiments in the main text. We first establish the reference decomposition
and stability, then derive the stationary orbit marginals and verify distributional synchronization, cross-
orbit separation, and transverse relaxation rates. We next check the sufficient condition in Theoremm
quantify the gains over matched independent training and the best single shared parameter, and derive
analytical bounds under joint perturbations. Appendix [E]presents the numerical implementation and
results, including a qualitative nonquadratic extension, while Appendix [Fis devoted to the real-data
experiments.

D.1 REFERENCE ORBIT DECOMPOSITION AND STABILITY

The reference graph is the four-orbit blown-up path with
01 ={1,2}, 02={3,4,5}, 03=1{6,7,8,9}, O4={10,11,12,13,14}.

There are no within-orbit edges, and adjacent orbits form complete bipartite blocks. Their sizes and
unweighted degrees are

(nlan2an3an4) = (27374a 5)7 (d1;d27d3>d4) = (3767834)'

Every within-orbit permutation preserves adjacency, while the distinct degrees prevent automorphisms
from mapping nodes across these sets. Thus these are exactly the automorphism orbits of the reference
graph; we take I' = Aut(G).

Let R € R'*4 be the orbit-indicator matrix, D, = R" R = diag(2, 3,4, 5), and Mr = im R, the
scalar orbit-consensus subspace used in Theorem Set TH =D, Y 2RT, and let the rows of T'|
form an orthonormal basis of M. The projections are P = THTTH and P, = I — P. Writing A
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for the reference adjacency matrix, we obtain

Ay=D,;'R"AR =

SO N O
S WO W
=~ O = O
(= R e}

0 V6 0 0

_ pl/2 —1/2 _ V6 0 2v3 0
AH DO ACI‘DO 0 2\/§ 0 2\/5

0 0 25 0

For u € M%, coordinates sum to zero within each orbit, so Au = 0. This eliminates the transverse
adjacency contribution, not the entire communication drift: the degree term in the Laplacian still
damps transverse modes.

The local losses and dynamics are
ﬁl(w) %Ql(wfm)a dwl = 7Q1(’UJ2 77"1') +ZCW(’U}] 7’[1]1) dt+01 dBZ, (16)
J

where the Brownian coordinates are independent and n = H = 1. Here r; = w}, and L; is the
quadratic evaluation loss used in the expected excess risk analysis. The reference parameters are

Qoi=1, oo =1, Co=0.14, 719 = Rr,, re = (1,0.4,-0.2,-1)".
With Lo = diag(C1) — C, define
K = —diag(Q) — L, a = diag(Q)r, ¥ = diag(o).
Then dw = (Kw + a)dt + X dB. In particular,
Ko=—1—-0.1Ly4, ag = To, Yo=1,
where L 4 = diag(A1) — A. The orbit-value drift is

-13 03 0 0

02 —-16 04 0
0 03 -18 05 |’
0 0 04 -14

Kq= K| = DY*K,D;/>.

In an orbit-adapted transverse basis,
K, = diag(—1.3,—1.615, —1.813, —1.41,).
An arbitrary orthonormal transverse basis gives an orthogonally similar matrix. Numerically,
spec(Ky) ~ {—2.243823, —1.647616, —1.208561, —1}.

These blocks verify Theorem E] and are Hurwitz. Independently, L4 > 0 implies Ky X —I,
establishing full-system stability directly. The transverse decay rate is ] = —Apax (K1) = 1.3.

D.2 STATIONARY DISTRIBUTIONS AND CONVERGENCE RATES

The unique invariant law is g = A (mog, o), where
Komg + 19 =0, Ko + QK{ +1=0.
Writing My = I + 0.1L 4, we have

1
mo = My ro, 0o = 5Mo—l. (17)
The mean is mo = Rw, withw = —K ¢ Lr,. In orbit-value coordinates, the orbit averages satisfy

dw(t) = (Kqo(t) +r,)dt + D; /2 dB(t).
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Thus orbit-value and orthonormal coordinates have different noise normalizations. In shifted coordi-
nates z = w — rg, the quotient forcing instead becomes

by = —0.1Lqr, = (—0.18,-0.12,-0.22,0.32) T,
where L, = diag(d1, da, ds, ds) — Aq. The shifted equilibrium is @ — r., not @.
The stationary node means and variances are

Orbit | Mean Variance
[@)) 0.834557 0.39060671
O, 0.283080 0.32083706
O3 —0.284960 0.28745151
Oy —0.795703 0.36360148

The invariant mean and covariance give identical marginals within each orbit, as in Theorem[6] The
distinct means establish separation of all four reference orbits; compatibility alone does not require
distinct orbit marginals.

To connect this stationary structure with transverse stability, set z; = T, w = T (w — 1), since
T rg = 0. The affine forcing vanishes, giving

dZJ_:KJ_ZJ_dt‘FdBJ_.

Its stationary covariance is

1 1 1 1
Q) =di I I L
LT e (2(1.3)’ 2(1.6) 2 2(1.8) " 2(1.4) 4) ’
with tr Q| ~ 3.27152015. For deterministic initialization,
Ez (t) = X4tz (0), Cov(zy(t)) — Q) = —efrtq K1,

The plotted errors are

[Ez1 @)]]2 [ Cov(z1 (1) = il

Iz (0)]l2 1921 (]2 ’
where the matrix norm is the spectral norm and the chosen initialization has nonzero transverse
mean. These normalized errors are bounded by e~!3! and e~2-%, respectively, verifying the rates

in Theorem 5| for this symmetric drift. Figure d(a) displays the corresponding moment errors and
envelopes.

More directly, for distinct ¢, j € Oy, let 6;; = w; —wj; and ay, = 14-0.1d;,. Their identical neighbors
and local coefficients give

_ ,—2axt
déij = 7ak5ij dt + \/§dBij, 5@‘ (t) ~ N(e“"’téij (0), 71 ¢ ) ,
ag

where B;; = (B; — B;)/+/2 is standard Brownian motion. The limiting difference law is centered
with variance 1/a; > 0, verifying Theoremwithout pathwise agreement. In particular,

lim E||PLw(t)]]? = trQ, =~ 3.27152015 > 0.
t—o0

For scalar Gaussian marginals, the distance in Figure|1b|is

W3 N (i 0), N (g, 05)) = (i = 15)* + (Vi = /07)°

From a deterministic initial state, the reference covariance is invariant under within-orbit permutations
at every time, so same-orbit variances agree and

Wa(Law (w; (t)), Law(w;(t))) = e~ *"w;(0) — w;(0)], 1,5 € O.

The maximum within-orbit distance therefore vanishes, whereas the minimum cross-orbit distance
tends to 0.515099. The latter is a marginal W5 distance, distinct from the parameter gap 0.586893
used below. Overlapping marginal spreads in Figure [lalare consistent with this positive separation.
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D.3 REFERENCE RISK ADVANTAGES

For the reference, let eg = M Yr9 — ro. Equation equation gives the coupling-bias and stationary-
variance contributions
leoll® | tr(Mg )
g =
0T BN T TN
Matched independent training sets C' = 0 and keeps the same Q;,7;, ;. 7, giving &) ; = 1/4. The
best single shared parameter is u§ = N~ >, rg; ~ —0.185714, with

~ 0.0119040482 + 0.1682692161 = 0.1801732643. (18)

1
Hope = N Z(Tm —u})? &~ 0.2556122449.

This is the optimum over one common parameter, not a benchmark allowing node-specific predictors.
To check Theorem note that Qp; = 1 > 0, H = 1, and ZOEJ = 1. With bj = —0.1L a7,
do =1, and By = Amax(Mp) &= 2.243823, its coefficient bound is

_ tr(O.lLA) ||0.1LA7“0H2

go = ING, 5N ~ 0.0604835026 — 0.0290571429 = 0.0314263597.
Thus g > max{0, 2, — H8,.} = 0. Both risk advantages are certified at the reference:
Comparison | Exact gain Coefficient lower bound
& =& 0.0698267357 0.0314263597
HOe —Eo | 0.0754389806 0.0370386046

The theorem therefore guarantees persistence in a sufficiently small uniform perturbation neighbor-
hood.

The noise level matters. If only the common noise amplitude is changed to s, then &y(s) =
0.0119040482 + 0.1682692161s% and E2 ,(s) = s%/4, while H0, . is unchanged. Writing 4, =

one

tr(0.1L4)/(4NpBo) and B, = [|0.1L 470 ||*/(2N), the sufficient condition holds on
\/ﬂ <s< \/(Hgne —B,)/(1/4—A4,),  s€(0.693119...,1.093361...).  (19)

These are sufficient-condition boundaries, not sharp risk thresholds. For example, at s = 0.12,
communication has risk 0.014327 > 0.0036 for independent training: its fixed coupling bias exceeds
the variance reduction. The reference system uses s = 1.

D.4 ANALYTICAL BOUNDS UNDER PERTURBATIONS

Perturbation family and uniform stability. For 0 < ¢ < 0.2, consider
15
(057 QE? Og, TE) = (007 Q07 go, TO) + §(Ea dQ7 d07 d’r)7 (20)
where
1Elle =1, max(|dQs| + |dos| +[dri]) = 1.

The matrix F is symmetric, supported on reference edges, and has zero sum on each adjacent-orbit
block. Each local direction has zero sum within every reference orbit. Consequently,

IC: — Collr + mzax(|AQl-\ + |Aoy| + |Ari]) =e.
Centering preserves block totals, but need not preserve permutation symmetry or equal weighted
degrees within an orbit. All comparisons retain the reference orbit partition.
Normalization gives Q. ;,0¢; € [0.9,1.1] and |r. ;| < 1.1, s0 Ma, = 1.1 suffices in Deﬁnition
Since E is symmetric with zero diagonal, | F;;| < 1/4/2, so every reference edge satisfies

0.2
Ceij >01———=>0.
oY= 2v/2

The graph therefore remains connected, symmetric, and nonnegatively weighted. For every vector v,
1
T Z 2 Z 2 2
—v K.ov= i Qg)ﬂ}i + 5 - C’mj(vi — ’Uj) > 09”1}” .

Thus K. X —al, with a = 0.9, uniformly over this normalized perturbation family. This establishes
stability without assuming exact compatibility after perturbation.
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Distributional robustness and orbit separation. To control the response of the stationary distribu-
tion, write Ly = diag(E1) — E, and let © denote componentwise multiplication. The coefficient
changes are

2
AK = ,g (diag(dQ) + Lg), AY = %diag(do), Aa = %(dr +dQ ®ro) + %(dQ © dr).

Hence ||AK||2 + ||Aall2 + ||AZ||r = O(g), uniformly over normalized directions. The quadratic
term in Aa arises because both curvature and minimizer are perturbed.

Let Am =m. —mg, AQ = Q. — Qp, and S, = EEE;'—. Subtracting the stationary equations gives
K.Am = —(Aa+ AKmy),
KAQ+ AQK = —(AKQo + QAK " + 5. — Sp).

Since ||ef<t||y < e,

[Aallz + [AK|l2[[moll2 _ 0(e),

2 AK [l + 5. — Sl b
2|02 — Ooll2

1AQz G
These estimates verify the moment bounds in Theorem [I[ii) for this symmetric model, without a
perturbed orbit decomposition.

[Aml[2

IN

IN

For distributional robustness, couple the perturbed and reference processes using the same Brownian
motion and the same initial value drawn from a common square-integrable law v, independently of
that Brownian motion. Their difference Y = w. — w satisfies

dY = (K.Y + AKwy + Ad)dt + AT dB.

The stable reference has sup, - E|wo(t)||* < oc. It6’s formula and Young’s inequality yield

d
SRV < —aE|Y(1)| + C=?,

where C' may depend on the initial second moment but is independent of ¢, ¢, and the normalized
direction. Since Y (0) =0,

W (Law (we (t)), Law (wo(t))) < VE[Y ()2 < /C/ac.
Passing to the invariant laws gives

Wa(0:, 00) = O(e). (22)
This proves the uniform-in-time and stationary O(e) bounds in Theorem i)—(ii) for this family. For
the stationary node-difference law (f; = Law,, (w; — w;), the V/2-Lipschitz difference map implies

Wa(¢5, ZOJ) < V2Wa (o, 00)-
Node projection and the triangle inequality also give, for i, j € O,
Wa(vi,v5) < 2Wa(ge, 00) = O(e), v = Law,_(w;).
These verify both conclusions for within-orbit distributions in Theorem [I{iii), without requiring the
difference law to concentrate at zero. Unlike the exact reference, perturbed stationary marginals

within a reference orbit can remain distinct; their distance is controlled at order ¢, rather than required
to vanish.

Finally, \/)vrite vs :/N(uf,Ef ). where p5 = (m.); and Z5 = (£.);; is the variance. Using
dpar (v, V') = |pp — /| + |2 — E'|, define
Din(e) = max max dpa, (V5 V5 Dou(e) =min  min  dpa. (v5,v5).
111( ) b i,j€O, Pdf( 7 ])’ ou ( ) k<f icOy, j€O, Pdl"( 7 ])
The maximal displacement of a node marginal from its reference is

pe = max dpar (v, 1) < [|Am|l2 + [ AQ[|2 = O(e).

177

With Ay = Doyt (0) ~ 0.586893, the triangle inequality and exact within-orbit equality imply

Din(g) S 2/)57 Dout(E) 2 AO - 2,057 Morb(g) = Dout(E) - Din(g) Z é() - 4p€ (23)
This instance-specific margin bound follows the argument of Corollary |1} Thus D;,, = O(e), and
separation is guaranteed whenever 4p. < A,. This is a sufficient condition, not a sharp perturbation
threshold. Positive margin orders parameter distances; it does not imply disjoint supports of Gaussian
marginals.
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Perturbed risks and coefficient certificates. For the matched comparisons in Appendix the
perturbed stationary risks are

1 1
£ = 537 2 Qe [(mes =) + ()], Ea = 737 2 0%

i
The optimal shared parameter and its risk are

; Qe iTei 1 x
T o NEELS SURUNER
i e, f

To obtain a sufficient coefficient certificate, set Q. = diag(Q.), S = L¢., and bf = —L¢._ 7.
Taking the trace of the stationary covariance equation yields the exact gain identity

€ o tr(SEQE) (ma - TE)TQE(mE - Ta)
ind — € = N 5N . (24)

The two terms are the reduction in stationary fluctuation cost and the coupling bias, respectively.
With d. = min; 02 ; and Bz = Apax(— K<), define
9(6.) = d. tr(Se) _ (bé)TQa_lb;_
4N B, 2N

The proof of the coefficient bound applies because Q. > 0, S. > 0, and the dynamics are stable,
without requiring exact compatibility. Consequently,

gignd - 55 > 9(06)3 Hgnc - 56 > 9(85) + Hgnc - giend'
Define the joint certificate by
7(05) = 9(05) - max{o? giand - Hcs)ne}' (25)

A positive value certifies both advantages for the specified coefficients. This certificate is distinct
from the perturbative bound gy — Ciiske.

E ADDITIONAL DETAILS OF SYNTHETIC EXPERIMENTS

We evaluate the quadratic reference, its joint perturbations, and a nonquadratic extension on the
common four-orbit graph. All settings and numerical values below refer to the default full run.
The quadratic calculations illustrate the analytical conclusions in Appendix [D} the nonquadratic
experiment provides a qualitative comparison beyond the affine setting.

E.1 SIMULATION AND EVALUATION

The synthetic studies use prescribed population drifts and diffusion, rather than training on a finite
dataset. The graph, quadratic losses, and reference coefficients are specified in Appendix [D] Only
the reference and one representative perturbed affine system are simulated with 600 independent
full-system realizations each; the 120-configuration perturbation sweep uses analytical Gaussian
laws.

For the two simulated affine systems, the time horizon is 7" = 30 and the common deterministic
initial vector is drawn once as

default_rng(2027) .normal (0,1.5,14).

Simulation seeds are 30001 for the reference and 30002 for the representative perturbation (¢ = 0.1,
direction seed 101; see Appendix . At observation interval h = 0.02, exact Ornstein—Uhlenbeck
transitions are

Wopr =M+ Fy(wy —m) + &, Fo=e5M 6, N0, V),

h
Vi = / FonnT K s ds = QO — F,QF) .
0
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Thus h introduces no time-discretization bias in the affine simulations. For each configuration,
stationary moments solve Km +a = 0 and KQ + QKT + Y27 = 0. The exact finite-time
parameters are

m(t) =m+ X (w(0) —m), V() =Q—eXef .

Stationary orbit separation is evaluated using dpar, Din, Doyt and Mo, from Appendix
scalar marginal W5 uses the standard-deviation difference as specified in Appendix [D] For the
time-dependent marginals v;(t) = Law(w;(t)), define

Din,wy (f) = max max Wa(vi(t),v;(),  Douews,(t) =min _ min - Wa(vi(t),;(1)).
These temporal marginal distances are distinct from the stationary parameter distances Dj, and Dgt.
For the representative perturbation, we evaluate all 14 node means and both temporal distances from
the exact finite-time laws on ¢t = 0,0.05, . .., 30. The joint stationary-law distance is

WZ(0e, 00) = ||me — mo||* + tr(QE +Q — 2(9(1)/2959(1)/2)1/2) )

For numerical evaluation of Gaussian W5, the code uses the equivalent orthogonal-Procrustes formula,
computing the covariance contribution from an SVD-aligned difference of matrix square roots. This
avoids subtracting nearly equal covariance traces. All stationary sweep distances, risks, and certificates
are evaluated from the analytical moments and coefficients, up to numerical linear-algebra error.

For each simulated affine case, terminal Monte Carlo checks compare 14 means and 14 variances
with their exact finite-time values, using Bonferroni-adjusted 95% intervals over all 28 quantities.
For risk, each independent sampling unit is an entire 14-node realization: losses are first averaged
over nodes and then over the 600 realizations. Approximate 95% Student-¢ intervals are computed
across realizations, preserving dependence among nodes.

E.2 QUADRATIC VALIDATION AND ROBUSTNESS

Reference validation. Figure[Tajuses the 600 reference endpoints, with analytical stationary means
and +2 standard deviations; these bars are not confidence intervals. Figure @] instead uses exact
finite-time Gaussian marginals on ¢ = 0,0.05, ..., 12; the code additionally evaluates the terminal
law at t = 30. The within-orbit difference formulas in Appendix [D] agree with the full moment
calculation to within 8 x 10~ on this grid. The largest within-orbit marginal W5 distance decreases
towards zero, while the smallest cross-orbit distance approaches 0.515099, consistently with the
reference stationary law. Figure [fa) additionally shows the normalized transverse mean norm
and covariance error on t = 0,0.05, ..., 8, together with the bounds e3¢ and e~2-%! derived in

Appendix

The estimated terminal reference risk is 0.182051, with approximate 95% Monte Carlo interval
[0.176366,0.187735], which contains the exact stationary risk 0.180173. The computed joint W5
distance from the terminal law to stationarity is below 2 x 1073, and the absolute finite-time risk
bias is below 10715, These checks therefore primarily reflect sampling variability. The analytical
comparisons with independent training and the best shared parameter are given in Appendix [D.3]

Perturbation results. We generate directions for the family in equation [20]as follows. For each
direction, entries of each forward adjacent-orbit block are drawn independently and uniformly from
[—1, 1], centered by the block mean, and reflected to obtain a symmetric matrix E. We then divide F
by its Frobenius norm. The three local direction columns (dQ, do, dr) are drawn uniformly from
[—1,1], centered within each reference orbit, weighted by (0.30,0.10,0.60), and divided by the
largest node-wise sum of absolute values.

The 20 direction seeds are 101, ...,120, each reused at ¢ € {0.001,0.003,0.01,0.03,0.1,0.2},
giving 120 evaluated configurations.

The default-run results are

Setting \ Diy Dot Mor
Exact reference 0 0.586893 0.586893
e =0.1, seed 101 | 0.040085 0.551993 0.511908
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Transverse moment relaxation Transient stability
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Figure 4: Temporal validation from exact affine moments. (a) Reference transverse errors and exponential
bounds. (b) Joint-law W5 /e for seed 101 at six defect levels. (c)—(d) Perturbed means and marginal distances
(e = 0.1, seed 101); dotted lines are stationary limits. Same-orbit means share a color.

Stationary-law stability Within-orbit agreement
10~1{ —— Median; 10-90% range 10714 —e— Median; 10-90% range //
Slope-1 guide Slope-1 guide o~
—_ //‘/
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(a) Joint stationary-law distance (b) Within-orbit parameter discrepancy

Figure 5: Stationary perturbation responses. Solid curves and shading show medians and 10th-90th percentiles
over 20 fixed directions. Dashed lines are slope-one guides, not theoretical bounds.

The reference within-orbit discrepancy is exactly zero; numerical residuals are below 10714, All
120 sampled systems have positive margins, with minimum 0.341617. The lower certificate in
equation [23] is also positive in all 120 evaluated configurations, with minimum 0.253167. These
certificates concern the evaluated coefficients, not the worst case over all admissible perturbations.

Figure @{b) evaluates the exact finite-time joint-law distance from each perturbed system to the
reference, divided by ¢, for direction seed 101 and all six perturbation magnitudes. It uses 101
equally spaced times in [0, 30] and the common initial state. This finite-grid diagnostic illustrates
the uniform-in-time bound proved in Appendix @ Panels (c)—(d) show the 14 exact mean curves
and the marginal W5, distances for the representative perturbation. The within-orbit and cross-orbit
marginal distances approach 0.036367 and 0.486425, respectively. Thus the within-orbit limit is
small but nonzero, while the cross-orbit limit remains separated.

Figure [5] compares the stationary joint W5 displacement and the largest within-orbit parameter
discrepancy with slope-one guides. For each fixed direction, ordinary least squares of log(response)
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Risk gains under perturbations Direct coefficient certificate
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Figure 6: Stationary risk gains (left) and direct joint certificate (6. ) (right). Solid curves, shading, and dashed
curves show medians, 10th-90th percentiles, and sampled minima over 20 fixed directions. These summaries
are not confidence bounds or worst-case guarantees.

onloge ate € {0.001,0.003,0.01,0.03} gives descriptive slopes; their medians are 0.999867 and
0.999877, respectively. These descriptive slopes are consistent with equation [22]and equation 21}
they do not estimate uniform constants or a sharp threshold. Figure [Icreports the corresponding
positive separation margins. Shading in both figures describes variation across the 20 fixed directions,
not confidence intervals.

Risk robustness. For each of the 120 configurations, we evaluate the risks and matched benchmarks
in Appendix [D.4]and the joint certificate equation 25| Figure [6] summarizes the two gains and the
certificate across perturbation magnitudes.

All 120 sampled configurations retain both positive exact gains and positive direct joint certificates.
Across these configurations, the smallest gains relative to independent training and the shared oracle
are 0.06948214 and 0.07543898, respectively, and min v(.) ~ 0.02856793. For the representative
e = 0.1, direction seed 101, the values are

Quantity Value
Ee 0.18020345
o 0.25000179
c 0.25571117

one

g8, — & | 0.06979834
HE . — E- | 0.07550772
v(6.) 0.03091489

The largest absolute residual in the gain identity equation[24]over the sampled configurations is below
4 x 10716, These risk calculations and the positive orbit margins above verify the two properties
separately for the same evaluated family.

For the representative perturbation, the terminal Monte Carlo risk is 0.174827, with approximate 95%
interval [0.169285, 0.180370]. This contains its exact stationary risk 0.180203. The computed joint
W, distance from the terminal law to stationarity is below 2 x 1013, and the absolute finite-time
risk bias is below 10715, so the discrepancy is dominated by sampling variability.

E.3 NONQUADRATIC EXPERIMENT

We retain Cy = 0.14, 7 = H =1, 0; = 1, and the reference minimizers, but replace the quadratic
objectives by

1
Li(w) =log(1 + e“ ") +log(1 + e (W) 4 Z(w — )2
Their derivatives satisfy
L (w) = tanh((w — r;)/2) + %(w -1, Ll(w)= %sechQ((w —7i)/2) + %

Hence £}(r;) = 0, £} (r;) = 1,and 3 < £ (w) < 1. These globally strongly convex losses match
the quadratic reference minimizers and their local curvatures, but the full drift is no longer affine.
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For this symmetric, constant-noise construction, define

V(w) = Zﬁi(wi) + 3w’ Leyw.

Then dw = —VV (w)dt + dB, with V2V = 1I. The density Z ! exp[—2V (w)] is normalizable
and has zero stationary probability current. Its within-orbit permutation invariance implies equal
stationary node marginals within each orbit. This check is specific to the present gradient system
and does not extend the affine Gaussian perturbation theorem to nonlinear dynamics. Cross-orbit
separation is assessed numerically rather than inferred from strong convexity alone.

We use the initialization in Appendix[E:T|and 600 independent realizations to T’ = 30, with simulation
seed 30006. Euler-Maruyama at step & uses

witt = wp + b | =Li(w]) + Y (Co)ij(w] —w}) | + Ve,
j

where £ S N(0,1). The steps h = 0.01 and h/2 = 0.005 are paired: each coarse Brownian
increment is the sum of its two fine increments. We record all 600 fine-step realizations at ¢t =
0,0.1,...,30; terminal samples also come from this simulation. At each recorded time, node means
average over the 600 realizations. The temporal plots use no smoothing or uncertainty bands.

Let 7;(t) be the empirical marginal of the 600 realizations at time ¢. Using sorted samples x; (4)(t),
we compute

600
WHE0.75(0) = 5.2 (ws0(0) = 230 (1)

Taking the same within-orbit maxima and cross-orbit minima as in Appendix gives ﬁin’WQ (t)
and Dout,WQ (t)

The paired terminal RMS difference per node is

| 600 14 1/2
500 11 2= ST (@(T) —wMP(T))? | A 266058 x 1072
s=11i=1

This diagnoses discretization sensitivity; it is not a bound on the fine-step error or a certificate of
stationarity at 7' = 30.

Figure[7)displays the node-wise sample means, temporal marginal distances, and terminal marginals.
The node means form four groups after the initial transient, with persistent Monte Carlo fluctuations.
The comparison concerns distributions and their means; individual noisy trajectories need not agree
or converge to fixed locations.

At T = 30, the distances and their separation margin are

~ ~

Dinw, ~0.083102,  Dou.w, ~ 0.464167, My, ~ 0.381064.

Nonquadratic node means Nonquadratic marginal distances Nonquadratic: finite-time marginals
c §N —— Maximum within-orbit distance
3 1 ) = 5 Minimum cross-orbit distance
£ | T 10 5
§ or¢ g \WAWMWMW § A
-1 |7 - 5 =

5 = 5 0 T
o / © - AR AR A A A A H R R R
£-2 £ 107 &
e a
£ Orbit 1 Orbit 3 £ -2
w -3 Orbit 2 Orbit 4 w

0 5 10 15 20 25 30 0 5 10 15 20 25 30 12345678 91011121314

Time Time Node (fixed orbit labels)
(a) Node-wise sample means (b) Empirical marginal distances (c) Terminal node marginals

Figure 7: Nonquadratic finite-time grouping. (a) Node-wise sample means; colors denote orbits. (b) Maximum
within-orbit and minimum cross-orbit empirical Ws. (c) Terminal violin plots at 7" = 30, with sample means
and orbit separators. Empirical fluctuations include finite-sample error.
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Table 2: Training images per class at each node in the aligned allocation. Class indices follow the
dataset’s native order. Each row sums to 2,000.

Orbit 0 1 2 3 4 5 6 7 8 9

O, 600 500 200 160 140 120 100 80 60 40
O3 60 40 600 500 200 160 140 120 100 80
O3 100 80 60 40 600 500 200 160 140 120
O4 200 160 140 120 100 80 60 40 600 500

These empirical Wasserstein quantities differ from the Gaussian parameter metric used in the quadratic
study. They include finite-time, sampling, and discretization effects, so nonzero within-orbit empirical
discrepancies do not contradict equality of stationary marginals. These finite-horizon diagnostics
do not establish stationarity or monotone convergence. No Gaussian stationary approximation or
nonlinear joint-perturbation bound is tested. The experiment provides a qualitative extension of orbit
grouping beyond the affine setting.

F REAL-WORLD EXPERIMENTS

F.1 EXPERIMENTAL SETUP

These experiments examine whether local training with graph communication produces relatively
stable prediction clusters aligned with graph orbits. The experiments cross two datasets, two archi-
tectures, four conditions, and three training seeds. All 48 runs completed 200 epochs and contain
evaluation records at epochs 180, 185, 190, 195, 200. The four dataset—architecture configurations
are MNIST/MLP-LN, MNIST/ResNet-20-GN, CIFAR-10/MLP-LN, and CIFAR-10/ResNet-20-GN.

For each of MNIST and CIFAR-10, 5,000 images from the official training set, with 500 per class,
form a validation set. The local training allocation comprises 14 disjoint bundles of 2,000 images,
disjoint from validation. The common evaluation probe is the official test set of 10,000 images.
Validation is used for communication-strength selection; test predictions are used for final evaluation.
The split seed is 2027.

The heterogeneous allocation assigns the class counts in Table [2| to the reference orbits of sizes
(2,3,4,5). Nodes in the same orbit share class counts but use distinct images. Thus the construction
aligns label frequencies with graph orbits without making finite-sample objectives or gradient
noise identical. In the fully symmetric condition each node instead receives 200 images per class.
Balanced and heterogeneous allocations share the same validation indices; their training allocations
are constructed separately.

MNIST inputs have shape 1 x 28 x 28 and are normalized by mean 0.1307 and standard deviation
0.3081. CIFAR-10 inputs have shape 3 x 32 x 32 and use channel means (0.4914, 0.4822,0.4465) and
standard deviations (0.2470, 0.2435,0.2616). CIFAR-10 training uses random crops with four-pixel
padding and random horizontal flips. Validation and test transforms contain no random augmentation.
Sampling and augmentation streams are attached to the data bundle and run seed, with epoch and
image indexing as appropriate. They move with the bundle in the misaligned condition.

The MLP uses hidden widths 256 and 128, each followed by LayerNorm and ReL.U, and a ten-class
output layer. ResNet-20 starts with a 16-channel convolution, followed by three stages of widths
16, 32, and 64, each containing three two-convolution residual blocks. The first block of each of the
last two stages downsamples its input. Global average pooling and a ten-class linear layer complete
the model. GroupNorm uses the largest divisor of the channel count not exceeding eight. Neither
architecture uses BatchNorm or dropout.

Each run starts from a common base model copied to all nodes. Gaussian parameter perturbations are
centered within each reference orbit and normalized with a common RMS scale. Their scale is 0.02
times the larger of the base tensor’s RMS and 0.001. Orbit-average initial parameters therefore agree
up to numerical precision. In the fully symmetric condition centering is over all 14 nodes. Orbit
labels enter this initialization and the data construction; the gradient updates below use only local
data and neighbor parameters.
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The reference orbits are O = {1,2}, O = {3,4,5}, O3 = {6,7,8,9}, and O, =
{10,11,12,13,14}. Adjacent orbits are connected by complete bipartite graphs, with no other
edges. In particular, there are no within-orbit edges. For this blown-up path, edge weights are
Ci;j = 1/(1 4+ max{deg(i),deg(j)}), with zero weights off edges and on the diagonal. Let
Le = diag(C1) — C. These weights differ from the 0.1A4 weights of the synthetic reference.
The four conditions are:

* Main: the four-orbit graph and orbit-aligned heterogeneous bundles, with communication
strength A selected on validation data.

* No communication: the same aligned bundles, with A = 0.

* Misaligned data: the same graph, bundles, and A as Main, with the one-based node-to-bundle
assignment (1,10, 3,6,11,2,4,7,12,5,8,9,13,14).

* Fully symmetric: a complete graph and balanced class counts at every node, with communi-
cation strength Agym = A|| Lain |2/ || Leomplete]|2-

The complete graph has one automorphism orbit containing all nodes. Its primary agreement
diagnostic is global dispersion. Any retained four-group diagnostic uses only the original reference
partition. This condition provides a joint comparison of topology and data symmetry. Spectral
matching equalizes the largest Laplacian eigenvalue after scaling.

With fq » the mean cross-entropy on node ¢’s minibatch, each step uses

wit = w! — ay | VLigp(wh) + 2 Cyj(wl —wh)| . (26)

J

All communication terms use the same pre-update parameter snapshot. Communication is applied at
every step to all trainable parameters, including normalization parameters. The protocol uses SGD
without momentum or weight decay, batch size 128 per node, and 200 epochs. The learning rate
uses five warmup epochs, a nominal value of 0.05, and subsequent cosine decay with minimum
learning-rate parameter 0.0005. Mixed precision, label smoothing, and gradient clipping are disabled.
Evaluation and checkpointing occur every five epochs. Each epoch has 16 synchronous steps,
including a final minibatch of 80 images per node, for 3,200 steps per run. The training seeds are
1,2,3.

Each dataset—architecture combination has its own selection task. The configured pilot uses seed 0,
80 epochs, and A € {0,0.03,0.1, 0.3}, summarized over the final three valid validation checkpoints.
Relative to the A = 0 pilot, the main rule requires numerical stability, within-orbit dispersion at
most 75% of baseline, between-orbit dispersion at least 50% of baseline, and an orbit-ensemble
accuracy decrease of at most 0.03 in absolute units. The smallest positive qualifying coefficient
is selected. Each orbit ensemble averages its nodes' raw logits before classification; the selection
accuracy averages the four orbit-ensemble accuracies equally.

All four configurations satisfied the primary selection rule using only the balanced validation set; no
fallback was used. Table [3|reports the selected communication coefficients. Main and misaligned
data use the same coefficient; no communication uses zero. Because the selection rule uses prediction
geometry, the test-set results characterize this validation-selected training protocol.

Table 3: Communication coefficients. Fully symmetric values are rounded for display.

Dataset Model AMain Asym

MNIST MLP-LN 0.03 0.0423251
MNIST ResNet-20-GN  0.03  0.0423251
CIFAR-10 MLP-LN 0.10 0.141084

CIFAR-10 ResNet-20-GN 0.10  0.141084
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F.2 ADDITIONAL PREDICTION-SPACE DIAGNOSTICS

Let Z;(t) € RP*¢ contain node i's logits at epoch ¢ on the same ordered test probe, with N = 14,
P =10,000, and ¢ = 10. Define the class-centered logits by

(&

(®i()pa = (Zi()pa — = > _(Zi())pp,  a=1,...,c.

b=1

Centering removes the common logit offset for each image while retaining logit-scale differences.
Suppressing the epoch when all quantities refer to the same checkpoint, the pairwise squared
prediction distance is

o, — 0,2
5,y = 12~ Pille. 27

] Pc ( )
The heatmaps in the main text use epoch 200 and average these distances across the three training
seeds. Distances are computed before averaging; the probe and centering convention are the same as
for the diagnostics below. Raw distance magnitudes are interpreted separately within each dataset—
architecture configuration.

Let ng = |O|, @ = ngl Zz‘eok ®,,and @ = N ! >; ®;. Within-orbit dispersion measures
deviations of nodes from their orbit centroid, while between-orbit dispersion measures deviations of
orbit centroids from the global centroid:

Dwithin -

T i 0=l S B
N Pe ’ between N Pe )
Dbetween
Dtotal

(28)

Dtotal = Dwithin + Dbctwccnv Rorbit =

Here Dyota1 = (NPc)™! > 1P —®||Z, and Roybis is evaluated for Dyoga > 10714, The ny, weights
account for unequal orbit sizes. In the fully symmetric condition, Dgiobal = Diotal. The ensemble
accuracy used for selection weights the four orbits equally, whereas the dispersion decomposition
weights them by node count.

Let P, and P, contain the unordered pairs of distinct nodes within and across reference orbits,
respectively. Their sizes are |Py| = >, (4) = 20 and [Pe| = Y-, _,neny = 71. The mean
pairwise distances and their ratio are

PCI‘OSS
Do by Q=5 (29)

1
Pyithin = % § 5ij7 Peross = .
i) EPe within

1
71
(4,9)EPw (

Each distinct pair has equal weight within its corresponding average. For Pyithin > 0, () compares
mean cross-orbit and within-orbit squared prediction distances, while Dpetween/Dwithin COmpares
the node-weighted centroid dispersions.

For terminal variation, let 7 = {180, 185, 190, 195, 200}. For one seed and metric z(t), set

1/2
f:%Zx(t), Sy = {iZ(x(t)_;ﬁ)Q} .

teT

Let Eﬁ be the ordinary least-squares slope from regressing the five values x(t) on epoch ¢, with an
intercept. The percentage diagnostics are

20[b, |
Bl

CV(z) = 10022,  Drift(z) = 100

— (30)
7]
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Table 4: Main prediction geometry (mean =+ sample SD over three seeds). Panel A averages the five
terminal checkpoints per seed, with R,,pit averaging checkpoint ratios. Panel B uses epoch 200, with
(@ computed within each seed before aggregation.

A. Terminal dispersion.

Dataset Model Dwithin Ebetween Rorbit

MNIST MLP-LN 0.2460 4+ 0.0096 0.3092 £ 0.0073 0.5569 £ 0.0062
MNIST ResNet-20-GN  0.2189 + 0.0229 0.3236 + 0.0180 0.5969 £ 0.0319
CIFAR-10 MLP-LN 0.2181 4+ 0.0045 0.5094 £ 0.0098 0.7002 £ 0.0026

CIFAR-10 ResNet-20-GN 0.2689 £ 0.0054 0.5641 £ 0.0020 0.6772 £ 0.0037

B. Average node-pair squared distances at epoch 200.

Dataset Model Puithin Prross Q

MNIST MLP-LN 0.6928 4+ 0.0288 1.3377 4 0.0364 1.932 £ 0.036
MNIST ResNet-20-GN  0.6256 4+ 0.0675 1.3210 +0.0512 2.124 £+ 0.189
CIFAR-10 MLP-LN 0.6153 £ 0.0132 1.8347 4 0.0351 2.982 £ 0.026

CIFAR-10 ResNet-20-GN 0.7627 £ 0.0204 2.0999 £ 0.0300 2.754 £ 0.052

These diagnostics are evaluated for Dyithin, Dbetween, and Rorpie When all five values are finite
and |Z| > 1074, Here s, measures within-run variation across checkpoints, while across-seed SD
summarizes differences among training runs. Drift measures the fitted linear change over 20 epochs.
Values of both diagnostics below 5% define the descriptive criterion for finite-time terminal stability.

For recorded epochs a < b < 200, define centroid distances and endpoint displacements by

12 (t) — P (B[ 12k (b) — Pr(a)]f

Bke(t) = Pe ) Tk((l, b) = Pe )
€1y
(a,b) = maxy Tk (a,b)
LG, n mink<g Bkg(QOO) '

The centroid geometry satisfies Dpetween (1) = N 2 > ket NN Brg(t). Theratio p(a, b) is evaluated
when ming < Bj¢(200) > 0. The square root puts displacement and separation on a distance scale:
100p(a, b) is the largest orbit-centroid net displacement from epoch a to epoch b, expressed as a
percentage of the smallest centroid separation at epoch 200. Each T} (a, b) measures net displacement
between its stated endpoints. The intervals (a,b) = (175,200) and (195, 200) describe changes over
25 and 5 epochs, respectively; they are distinct from the 180-200 window used for Eq. equation 30}
All twelve Main runs have recorded geometry and displacement data for these comparisons. For
matched-seed control comparisons, let an overbar denote the mean over 7, and define

—NoComm —Main —Misaligned —Main

AB,S = Dwithin,s - Dwithin,s7 AC,S = Dwithin,s - Dwithin,SV (32)

—Main —FullySym

AD# = Dtotal,s - Dglobal,s :

The corresponding relative reductions, reported in percent, are
100A g, 100Ac 100Ap 33
"B,s = —NoComm ’ nc,s = —Misaligned ’ D,s = —Mamn - (33)
within,s within,s total,s

Thus 1 and ¢ measure the reduction in Main within-orbit dispersion relative to each control, while
1np measures the reduction in fully symmetric global dispersion relative to Main.

F.3 ADDITIONAL RESULTS

The repetition unit is a full 14-node training run with a distinct training seed, conditional on the
fixed data split and validation-selected communication coefficient. Nodes and checkpoints are
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Figure 8: Prediction-space dispersion during training. Curves show three-seed means; bands indicate & one
sample SD for Main. The gray strip marks epochs 180-200. Vertical scales vary across panels.

Table 5: Matched-seed relative reductions in terminal dispersion (mean + sample SD over three seeds, in
percent), defined in Eq. equation@

B nc D
Dataset Model Main vs. NoComm Main vs. Misaligned FullySym vs. Main
MNIST MLP-LN 4245+ 1.01 47.69 + 0.63 53.25 +0.82
MNIST ResNet-20-GN 49.34 £3.17 53.00 £ 3.64 69.42 4 2.46
CIFAR-10 MLP-LN 65.07 £ 0.57 65.64 £+ 0.44 80.24 +0.37
CIFAR-10 ResNet-20-GN 56.24 £ 0.33 62.13 £0.84 77.29 £1.43

components of a run. For terminal dispersions and R, we first average the five evaluations in
7 within each seed and then report the mean and sample SD across seeds 1,2, 3. In particular,
Rorbit,s = % > te7 Dbetween,s(t)/ Diotar,s(t) is the mean of checkpoint ratios. Pairwise averages
and () use epoch 200; @, the control contrasts, and the relative reductions are computed within
each seed before aggregation. CV, fitted drift, and p are reported as ranges across the three seeds.
Across-seed SD describes training-seed variation on the fixed split.

Orbit-aligned prediction geometry. Tabled summarizes the Main prediction geometry. Across
configurations, terminal mean within-orbit dispersion ranges from 0.2181 to 0.2689, while between-
orbit dispersion is larger in all twelve Main runs. The configuration means of R.;pit range from
0.5569 to 0.7002. At epoch 200, the mean cross/within squared-distance ratios are 1.932, 2.124,
2.982, and 2.754 for MNIST/MLP-LN, MNIST/ResNet-20-GN, CIFAR-10/MLP-LN, and CIFAR-
10/ResNet-20-GN, respectively. Each seed has a larger average cross-orbit distance than average
within-orbit distance. These results quantify the relatively similar predictions within reference
orbits and the cross-orbit differences displayed by the heatmaps, despite the absence of within-orbit
communication edges.
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Figure 9: Main orbit-centroid motion over consecutive five-epoch intervals. Points show 100p(a, a + 5) for
each seed, normalized by the smallest centroid separation at epoch 200. The vertical axis is logarithmic.

Table 6: Main terminal stability, in percent. CV and fitted drift are maximized over three seeds and the metrics
Dyithin, Dbetween, and Rorbit, using the five checkpoints at epochs 180-200. The last column gives the
three-seed range of normalized net centroid displacement over epochs 175-200.

Dataset Model Max. CV Max. drift 100p(175,200)
MNIST MLP-LN 0.0312 0.0465 0.4494-0.4652
MNIST ResNet-20-GN 0.0572 0.1385 0.8536-1.1952
CIFAR-10 MLP-LN 0.3090 0.6350 4.0586-4.5155
CIFAR-10 ResNet-20-GN 2.6920 4.0136 6.6050-9.3083

Communication and data-topology alignment. Figure [8]tracks Main within- and between-orbit
dispersion together with within-orbit dispersion under the no-communication and misaligned-data
controls. During late training, Main retains lower within-orbit dispersion than either control while
preserving cross-orbit differences. Table [5] quantifies the terminal reductions, which are positive
in every matched-seed comparison. Under fully symmetric topology and balanced data, global
dispersion is also lower than Main’s total dispersion, indicating stronger global predictive agreement
under this joint change.

Finite-time terminal stability. Figure [9] shows an overall reduction in normalized five-epoch
centroid displacements toward the final checkpoint, with local fluctuations. Across all twelve
Main runs, the largest orbit-centroid net displacement over epochs 195-200 is at most 3.1536%
of the smallest final centroid separation. Table [6| complements these interval-wise measurements
with terminal dispersion variation and net displacement over epochs 175-200. All 36 seed—metric
combinations have terminal CV and fitted drift below 5%. Together, these observations support
finite-time terminal stability under the stated learning-rate schedule.
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