Generalisation of RLHF under Reward Shift and Clipped KL Regularisation

Kenton Tang'

Yuzhu Chen?

Fengxiang He'

!'University of Edinburgh
2University of Science and Technology of China

Abstract

Alignment and adaptation in large language models
heavily rely on reinforcement learning from human
feedback (RLHF); yet, theoretical understanding of
its generalisability remains premature, especially
when the learned reward could shift, and the KL
control is estimated and clipped. To address this
issue, we develop generalisation theory for RLHF
that explicitly accounts for (1) reward shift: reward
models are trained on preference data from earlier
or mixed behaviour policies while RLHF optim-
ises the current policy on its own rollouts; and
(2) clipped KL regularisation: the KL regulariser
is estimated from sampled log-probability ratios
and then clipped for stabilisation, resulting in an
error to RLHF. We present generalisation bounds
for RLHF, suggesting that the generalisation error
stems from a sampling error from prompts and
rollouts, a reward shift error, and a KL clipping
error. We also discuss special cases of (1) initial-
ising RLHF parameters with a uniform prior over
a finite space, and (2) training RLHF by stochastic
gradient descent, as an Ornstein-Uhlenbeck pro-
cess. The theory yields practical implications in (1)
optimal KL clipping threshold, and (2) budget al-
location in prompts, rollouts, and preference data.

1 INTRODUCTION

Reinforcement learning from human feedback (RLHF) has
become a central method for steering large language models
(LLMs) towards better reflecting human preferences [Chris{
tiano et al., 2017, [Stiennon et al.}2020]], task requirements
[[Ouyang et al., 2022, |(Chung et al.| 2024]], safety constraints
[Bai et al.;2022a/b|, amongst many others. Despite the em-
pirical success of RLHF, the theoretical understanding of its
generalisability remains largely absent.

To address this issue, this paper presents generalisation
bounds for RLHF. To note, we analyse the post-trained
policy in deployment, rather than studying online reinforce-
ment learning during interactions with the environment.

A typical RLHF algorithm consists of two coupled compon-
ents: (1) a reward model trained from preference data and
serving as a proxy for human judgment, and (2) a policy
model optimised to maximise the reward model. Most RLHF
algorithms additionally employ Kullback-Leibler (KL) reg-
ularisation to keep the policy close to a reference model,
typically, a supervised fine-tuned (SFT) model [Ziegler et al.,
2019], for improving stability and limiting distribution shift
[Schulman et al.,2015]). These induce two major challenges
that significantly complicate analysis, as follows.

Reward shift. The reward model is usually trained on pref-
erence data collected from an earlier behaviour policy or a
mixture of policies [[Christiano et al.,2017]]. However, the
policy model is evaluated and optimised on rollouts drawn
from the current distribution of responses. As the policy im-
proves or drifts, it can move into regions where the reward
model is less reliable, creating a feedback loop in which
reward-model error is amplified in optimisation [Gao et al.,
2023]]. This calls for the potential RLHF generalisation the-
ory to account for reward shift between the data used to
train the reward model and the rollout distribution induced
by the current policy.

Clipped KL regularisation. KL regularisation is usually
assumed to be computed as a population expectation in
theoretical treatments [[Schulman et al.,[2015]]. In practice,
however, the KL control is computed from sampled se-
quences through log probability ratios; empirical analyses
have shown that the choice of estimator and implementation
details can materially affect optimisation stability [Shah
et al., 2025]. A common stabilisation is to clip the per-
sample log ratio, in order to control rare trajectories whose
likelihood ratios are extreme, echoing clipping used in PPO
[Schulman et al., 2017, [Lambert, 2025|]. This clipped KL
regularisation further introduces an error.



Motivated by these, we develop generalisation theory for
RLHF that explicitly accounts for both: the reward is
learned and shifting, rather than given and fixed; and the
KL regularisation is estimated and clipped, rather than an
exact population quantity. Based on a change-of-measure de-
composition and employing PAC-Bayes tools [McAllester,
1999, Seeger, 2002, |Catoni, 2007], our analysis yields
high-probability generalisation bounds for the learned, data-
dependent policy that decompose the generalisation error
into three distinct, interpretable sources: (1) a sampling er-
ror, induced by the two-stage sampling of observing finitely
many prompts and estimating expectations from limited
Monte Carlo rollouts, (2) a reward shift error, capturing the
gap between the learned reward and the (implicit) target
reward, and the additional error induced when the policy-
driven rollout distribution differs from the reward model’s
training distribution, (3) a KL clipping error, characterising
the deviation from the clipped KL regulariser.

A good theory has practical implications. Our theory sug-
gests: (1) optimal KL clipping threshold: the theory indicates
that the KL log-ratio clipping threshold 7 controls the bias-
variance trade-off, since clipping reduces sampling noise
while introducing an objective mismatch that does not van-
ish asymptotically. Our theory further provides advice on
how to strike a good balance; (2) budget allocation across
prompts, rollouts, and preference labels: our generalisation
bounds separate the impacts of prompts, rollouts per prompt,
and preference labels, thereby guiding budget allocation
across prompts and rollouts, and preference data collection.

2 RELATED WORK

Optimisation theory of RLHF Efforts have been made
in theoretically studying RLHF from an optimisation per-
spective. Zhu et al.| [2023]] analyse RLHF based on pair-
wise and list-wise comparisons, and characterise how the
reward model error can induce suboptimal policies, motiv-
ating conservative strategies under coverage assumptions.
Similarly, [Zhan et al.| [2024] provide finite-sample guar-
antees for offline RLHF that depend on a concentrability
coefficient quantifying the coverage of the target policy by
the offline data. | Xiong et al.| [2024] establish finite-sample
guarantees for KL-regularised RLHF, in the offline, online,
and hybrid regimes.

Reward shift The literature has seen empirical studies
on the impact of reward shift. |Gleave and Irving| [2022]
empirically study uncertainty estimation for reward models,
highlighting that reward models can be unreliable out of dis-
tribution. (Gao et al.|[2023]] empirically characterise reward
model over-optimisation by measuring how the proxy-oracle
gap grows when a policy is optimised against a learned
proxy reward and evaluated under a stronger oracle reward.
In addition, RewardBench provides a complementary evalu-

ation resource for quantifying reward model behaviour on
challenging and out-of-distribution comparisons [Lambert
et al., [2025].

Clipped KL regularisation As an empirical work, |Shah
et al.| [2025]] provide an extensive analysis showing that
several commonly used estimators for KL regularisation
can produce biased gradients, which can affect optimisation
and stability. [Liu et al.| [2025]] analyse KL regularisation
implementations in RLHF and characterise when common
choices are principled or biased, including off-policy bias
that arises when importance weighting is neglected.

Concurrent paper A concurrent work, released on 23 Jan
2026, provides interesting results on the generalisation of
RLHF, under linear reward model assumption, through the
algorithmic stability framework [Li et al.,[2026]. Our work is
more general, formulated for RLHF pipelines beyond linear
reward; instead, the reward in this paper is learned from pref-
erence data and shifts with policy updates. Moreover, our
paper allows the KL control to be estimated from sampled
log ratios and clipped for stabilisation, while Li et al.|[2026]
formulate the KL penalty as an exact conditional KL di-
vergence term in the objective, without sample-based KL
estimation or clipping.

3 PRELIMINARIES

RLHF Given a prompt x € X, a policy 7 specifies a
conditional distribution 7 (- | ) over responses y € ). We
denote the post-trained policy by 7y with parameter § € ©,
and denote 7, as a fixed reference policy. Evaluation uses
prompts drawn from a distribution p, while preference data
for reward modelling may come from a different prompt
distribution pjape1 because of prompt shift.

Suppose the target reward is r* : X x Y — [0,1]. A re-
ward model is a proxy 7y : X x J — [0, 1], with parameter
¢ € @; the pointwise error is eg (z, y) = 7o (z,y)—r* (2, y).
Training the reward model uses a data collection distribution,
defined as Diyain(2,Y) = plabel(2)mes(y | ), where we
also use s as the behaviour policy for reward-data collec-
tion. In practice, this policy can be a mixture, and we write
et (- | @) 1= 27]\7{:1 Cmm™ (- | ), reflecting the stand-
ard practice of collecting preference rankings over diverse
behaviour policy mixtures. Moreover, the policy-induced
distribution is defined as Dy(x,y) = p(z) mo(y | x).

The reward model is evaluated on the training distribution
by the mean-squared error L® (¢), defined by

train

E(x.¥)~Deain [(%(X, Y) - r*(X, Y))Z] G))

This quantity is an oracle-risk term defined with respect to
r*, and is typically not directly observable from pairwise
preference labels in practice.



Clipped KL regularisation Let 5 > 0 denote the regular-
isation strength, and ¢y (x,y) = log me(y | ) — log et (Y |
x) denote the exact log ratio. This log ratio is the per-
sample quantity that appears when the KL control is im-
plemented from sampled rollouts, which refer to the re-
sponse sequence generated by sampling sequentially from
the policy conditioned on the prompt. Its conditional ex-
pectation strictly recovers the standard reference KL di-
vergence (Definition [2] Appendix [B) within the popula-
tion objective. In particular, for every prompt x, we have
Ey oy (o) [lo (2, Y )] = KL(mo(- | ) | et (- | ).

In post-training, ¢y (z,y) can have a large magnitude on
rare samples, which can significantly increase the variance
of empirical KL-related quantities and destabilise optim-
isation unless additional control is imposed [Shah et al.|
2025} |Lambert, [2025]). To stabilise KL control while keep-
ing the target objective explicit, a popular approach is clip-
ping with threshold 7 > 0: £} (z, y) = clip(¢o(z,y), —7,T)
[Schulman et al., 2017, Lambert, 2025]]. Correspondingly,
the clipped population objective J">7 () is given by

EXN/)EYNTK'Q('lx) [T(X7 Y) - 565 (Xa Y)] . (2)

Generalisation The population objective is
J"(0) = ExmpBy omy (1) [1(X,Y) = BLo(X,Y)],

where ly(x,y) = logmg(y | ) — logmes(y | ) is the
exact log ratio. Evaluating a policy relies on finite prompts
and rollouts. Let x1, . . ., z,, be independent prompts drawn
from p. Foreach x;, lety; 1, ...,y k denote K independent
rollouts drawn from 7y (- | ;). The resulting empirical
objective is

n K
Tr,T 1 1 T
JAKW)Z;;E:igE:V@%ym)—ﬂfﬂxmwaﬂ~
i=1"" j=1
For brevity, f;f;((a) denotes f;“bKT (0); J*(0) denotes
J7(6); J?(6) denotes J™¢ (0); J*7(6) denotes J™¢ 7 (6).

The generalisability can be quantified by the generalisation
error, defined to be the discrepancy between the empirical

and population objectives: jf;((ﬁ) — J*(H)‘.
4 MAIN RESULTS

This section presents our theoretical results.

4.1 DECOMPOSING GENERALISATION ERROR

We decompose the generalisation error into three compon-
ents: (1) a sampling error, induced by prompts and rollouts,
which is present even if the following two terms do not
exist; (2) a reward shift error, induced by reward shift under

the same exact KL regulariser; and (3) a KL clipping error,
induced by the objective mismatch induced by estimating
and clipping the KL penalty.

Lemma 1 (Generalisation error decomposition). Given
parameters § € O and ¢ € P, and clipping threshold
7 > 0. Then, we have the following decomposition,

T7(0) = 7 (0)|

<|T2R0) = 107 (0)| + |7(0) - 7 0)|

sampling error reward shift error

+ |JPT(0) — J?(9)]

KL clipping error

4.2 SAMPLING ERROR BOUND

We first study the sampling error ‘Jf%(@) — J7(0)|. We

define jggo (6) as the conditional expectation of J"%(0),
given the prompts z1.,. Equivalently, it is the value one
would obtain by averaging infinitely many rollouts per
prompt while keeping the same finite set of prompts.
The estimator J°'7.(A) thus has a two-stage structure:
(1) prompts are sémpled from p, leading to a deviation

j,’fbgo 0)—J 7"’7(19)’, and (2) rollouts are sampled from
mo(- | x), conditional on each prompt, inducing a deviation
|775(0) = oz (6)]

We first bound the rollout sampling error as follows.

Lemma 2 (Rollout sampling error bound). Given parameter
0 € O, rewardr : X xY — [0, 1], clipping threshold T > 0,
and confidence level § € (0,1), with probability at least
1 — § over rollouts, conditional on prompts x1.,,, we have
log(2/4)

nK
Proof sketch Loss clipping ensures that (}(x,y) €
[—T, 7] by construction, which is a standard stabilisation ap-
proach in reinforcement learning [Mnih et al., 2015} [Schul4
man et al.| 2017]. Combining that the reward function sat-
isfies r(x,y) € [0,1], for each per-rollout contribution,
r(z,y) — 8L} (z,y) lies in an interval of length 1 + 2037.
Given the prompts x1.,, the rollouts are independent across
both i and j. Applying Hoeffding’s inequality (Lemma [8)
to the average over the nK rollout terms yields Lemma [2]
Detailed proofs are in Appendix [C.2]

T (0) = I0T (0)] < (1 +267)

Remark 1. Lemmal2|controls the Monte Carlo error from
using finitely many rollouts per prompt. The bound decays
at rate O(nK)_l/2 as the number of rollouts per prompt K
increases (assuming 3 and T are independent of n and K ).
The factor 1 + 28T comes from the range of the per-rollout
contribution. Clipping is the mechanism that makes this
range finite without imposing any artificial uniform bound
on the exact log ratio {.



Lemma 3 (Prompt sampling error bound). Under the same
conditions of Lemma[2] with probability at least 1 — § over
Prompts x1.n, we have

log(2/9)

Tore0) = I (0)] < (1 +287) | 2220

Proof sketch Treating f,‘f;o (0) as a function of the
sampled prompts only, it is an average of n independent
bounded terms, each term being the conditional expecta-
tion over rollouts for a fixed prompt. Applying Hoeffding’s
inequality again yields Lemma [3] Detailed proofs are in
Appendix [C.2]

Remark 2. Lemma 3| suggests that the prompt sampling er-
ror decays at rate O(n’l/ %), and the corresponding bound
does not depend on the number of rollouts per prompt K,
similarly, assuming 3 and T are independent of n and K.
It isolates the deviation induced purely by finite prompt
sampling. Even an arbitrarily accurate estimate of each
conditional expectation over rollouts cannot compensate for
having too few evaluation prompts, because the population
objective is defined as an expectation over p.

Combining the two lemmas leads to the following lemma
on the sampling error.

Lemma 4 (Sampling error bound). Under the same condi-
tions of Lemma[2] with probability at least 1 — & over both
prompts and rollouts, the sampling error satisfies

-~ ‘

Tnic(0) = J77(0)

0 o C)
R )

Remark 3. In addition to the noise induced by prompts and
rollouts, a penalty term carries the additional factor 231 be-
cause the clipped log ratio ranges in |[—T, 7]. Consequently,
increasing T enlarges the range of each rollout penalty term,
and the resulting concentration bound is looser.

4.3 REWARD SHIFT ERROR BOUND

This subsection studies the reward shift error
’J ?(0) — J*(0)|. To characterise the reward shift er-
ror in transfers from Dy,,;n to Dy, we use a X2 coverage
coefficient, defined below, based on X2 divergence (see
Definition [3| in Appendix . x? coverage coefficient is
standard in the literature of importance weighting and
covariate shift analyses; see, e.g., Sugiyama et al.|[2007]],
Owen| [2013]].

Definition 1 (2 coverage coefficient). Suppose that Dy is
absolutely continuous with respect to Dyyain. The X2 cover-
age coefficient is defined to be

C(G) = \/1 + XQ(DGHDtrain)a (5)

where x*(-||-) is x? divergence.

Remark 4. Intuitively, C(6) measures how far the policy-
induced distribution departs from the distribution used to
train the reward model. It acts as an amplification factor
when we upper bound the reward shift error.

Because J?(6) and J*() share the same exact KL reg-
ulariser, the KL penalty cancels in the difference; con-
sequently, only the reward model error remains. Defining
eo(,y) = Fo(x,y) — r*(z,y), we have J?(0) — J*(0) =
E(x,v)~D,[€s(X,Y)], so the problem is to control the re-
ward model error under the deployment distribution Dy
using information available under the training distribution
Dyrain- This step requires a coverage condition, stated be-
low, when deriving the change-of-measure bound; it yields
the same coefficient C(6) defined in eq. (§).

Assumption 1 (Absolute continuity and finite coverage).
The policy-induced distribution Dy is absolutely continuous
with respect to the reward model training distribution Dy, ip.
Moreover, the x? divergence x*(Dg|| Dirain) is finite, so the
coverage coefficient C(0) in eq. Q) is finite.

Remark 5. Assumption[l]is the standard condition that
makes a change of measure from Dy back to Dyyain legit-
imate [Sugiyama et al.| 2007, Shimodairal 2000, |Precup
et al.}|2000|]. It ensures that the density ratio dgﬁ — exists
and has a finite second moment, which is required for the
Cauchy-Schwarz step in Lemma[3] [[Owen, [2013]]. The coeffi-
cient C(0) plays the role of an amplification factor, which
quantifies how strongly the reward model error can be mag-
nified when the policy visits regions that are rare under the
data used for reward modelling.

Our theory also relies on the following mild assumption.

Assumption 2 (Bounded training error). The squared train-
ing error L (¢) defined in eq. (1)) is bounded.

train

Remark 6. This assumption does not assert that the re-
ward model is accurate everywhere; instead, it provides a
baseline level of accuracy on the distribution where pref-
erence supervision is available. The coverage coefficient
explains how the baseline can degrade under deployment.

We then prove the reward shift bound.

Lemma 5 (Reward shift error bound). Under Assumptions|]]
and 2] we have

|79(0) — J*(0)] < C(6) \/ LE) (6):

Proof sketch To relate |.J¢(#) — J*(6)| to the training
distribution, we rewrite the expectation under Dy as an
importance-weighted expectation under Dy, ,i,. Assump-
tion [I] ensures that the required density ratio exists and has
finite second moment. Applying the x? change-of-measure



bound (Lemma(TT]in Appendix [B) yields a product of two
square roots: the first factor under the square root is exactly
1+ x%(Dgl| Dtrain)» the second moment of the density ratio
under Dj,,in, Whose square root therefore produces C(6);

and the second factor under the square root is Lgfgin(¢) by
definition, the second moment of the reward model error

under Dy, qin. This yields Lemma@ Detailed proofs are in
Appendix [C.3]

Remark 7. Lemma 3| characterises two ingredients that
play different roles: (1) the term Lgiin(@ measures reward
model error only on the reward model training distribution
Dirain; and (2) the coefficient C(0) measures how far Dy
moves away from that training distribution. It also quantifies
how much training error can be amplified when moving to
deployment.

When prompt shifts and policy shifts are qualitatively differ-
ent, it is useful to further factorise the coverage coefficient.
The next lemma interprets the source of shifts in practice.

Lemma 6 (Coverage factorisation). Suppose p < plabel
and mo(- | ) < met(- | x), for any prompt x with
plabel(x) > 0. Deﬁne

o 1/2
c _(g p(X)
prompt — X ~plabel Plabcl(X) ;

and define Cpc1(9) by

97\ 1/2
v (er (212
TEX :prabel(z)>0 Tret U1 7Trcf(Y|.’L‘)

If both Cpromps and Cpe1(0) are bounded, we have C(§) <
Cprompt Cpol(e)'

Remark 8. Lemmal6|separates mismatch in prompts from
mismatch in policies. The coefficient Cprompt depends only
on the shift between p and pianel. The coefficient Cpo1(6)
depends only on how far mg departs from m.s on the sup-
port of prabel. This separation is valuable when diagnosing
failures in reward modelling and post training, because the
two sources of shift have different operational causes and
different mitigation strategies.

4.4 KL CLIPPING ERROR BOUND

We now bound the KL clipping error |J#7(§) — J?()].
This is the only place where the systematic mismatch cre-
ated by clipping enters the analysis. Clipping is beneficial in
the sampling bounds because it makes each rollout contribu-
tion bounded. Meanwhile, clipping may bias the objective
used in practice, thereby introducing a systematic mismatch
between the optimised objective and the target objective.

To state this mismatch cleanly, we only require an integrabil-
ity condition on the exact log ratio in deployment.

Assumption 3 (Integrability of exact log ratio). The
exact log ratio is integrable in deployment, i.e.,
E(X7y)ND9[|A€9(X, Y)” < oQ.

Remark 9. Assumption [B| is mild. It allows heavy
tails in Ly while still ensuring that the exact object-
ive is well defined. Under this assumption, clipping is
analysed as an explicit bias-inducing modification of
the penalty; the KL clipping error term in Lemma [7]
BE(x,y)~D,[|lo(X,Y) = L5(X,Y)|], is an objective mis-
match term that does not vanish asymptotically as the
number of evaluation prompts or rollouts increases. It is
strictly weaker than assuming lg is uniformly bounded,
and it matches the intent of treating clipping as an al-
gorithmic choice rather than as a structural property of the
policy class. Similar integrability conditions are standard
in analysing truncation-based stabilisation and importance
sampling; see, e.g., lonides|[2008|], Owen and Zhou| [2000)].

We then prove the following bound on the bias induced by
the surrogate.

Lemma 7 (KL clipping error bound). Under Assumption
we have

797 (0) = T (0)]

6
< BExyrp (X, V) — X,V ©

Proof sketch |.J7(#) — J¢(6)| is not an estimation er-
ror; it compares two population objectives under the same
learned reward, with the only difference being whether the
penalty uses ¢ or {y. Expanding definitions shows that
the reward contributions cancel and only the penalty dif-
ference remains. Taking absolute values and applying the
triangle inequality yields Lemma[7] Detailed proofs are in

Appendix [C.3]

Remark 10. The right-hand side of eq. (6) measures clip-
ping bias directly as the expected amount of truncation
under the deployment distribution. This term can remain
nonzero even with infinite evaluation data, which reflects the
fact that clipping is an objective mismatch rather than an
estimation error. It is small when the policy rarely produces
extreme log ratios under Dy, and it can be large when the
policy places substantial mass in regions where the exact log
ratio has heavy tails. This is why the final bound contains
a term that depends on the tail behaviour of the exact log
ratio under Dy and does not involve n or K.

4.5 FIXED-POLICY GENERALISATION BOUND

We now combine the results on sampling error, reward shift
error, and KL clipping error into a single statement for a
fixed policy parameter 6, as follows.



Theorem 1 (Fixed-policy generalisation bound). Under
Assumptions|[I| 2] and[3] with probability at least 1 — § over
the evaluation prompts and rollouts, the following holds,

T70) — 7))

<t (2. D)

sampling error (7)
c)\/ L2,
+ ( ) tram((b)
——— —

reward shift error
+ BEx,v)~p, [[€o(X,Y) = (5(X,Y)]].

KL clipping error

4.6 DATA-DEPENDENT PAC-BAYES BOUND

The fixed-policy theorem treats 6 as pre-fixed. In practice, 0
is often selected after observing data. This section fixes the
gap by employing PAC-Bayes theory that extends our ana-
lysis to data-dependent selection [McAllester, [1999| |Seeger,
2002, |Catonil, 2007]. Specifically, we provide a bound that
holds simultaneously for all posteriors () over O, at the cost
of a complexity term that measures how far () deviates from
a prior P on O. Define

T@ =Bosg [TLR0)], T7(@Q) = Eongld"(9)].

Then, we have the following data-dependen PAC-Bayes
bound.

Theorem 2 (Data-dependent generalisation bound). Let P
be any prior distribution on © that is independent of the
evaluation prompts and rollouts. For any posterior Q) on
O, suppose Assumptions|[l} 2} and 3| hold for any 6 in the
support of Q. Then, with probability at least 1 — & over the
evaluation prompts and rollouts, the following inequality
holds simultaneously for all such posteriors @,

TR (@) - J*(Q)’
< (14287) (\/ KL(QIIP) + log(8/9)

2n

KL(Q||P) + log(8/9)
+ \/ 2nK )

sampling error

+EgolC(0)] VL (9)

reward shift error
+ BEoq [E(x,v)~p, [[€o(X,Y) — £5(X, V)] -
KL clipping error

Remark 11. Comparing with Theorem [I} Theorem [2] re-
places the fixed 6 with an average over 8 ~ Q). The complex-
ity term KL(Q||P) appears only inside the sampling error,

as the price paid for making the guarantee hold uniformly
over data-dependent choices of Q).

S SPECIAL CASES

The PAC-Bayes bound in Theorem [2] contains a complexity
term KL(Q||P), which measures how strongly the data-
dependent posterior () departs from the data-independent
prior P. This subsection discusses two operational instanti-
ations of KL(Q|| P) that are common in practice.

5.1 INITIALISATION BY UNIFORM PRIOR OVER
FINITE CANDIDATE CLASS

Let M > 2 be an integer, 01, ... #(*) ¢ © be a col-
lection of candidate parameters specified independently
of the evaluation sample used to construct J;f;( Suppose
Oy = {6, ..., 0D} and restrict both P and Q to be
distributions on O ;. Suppose the prior is uniform on © »;;
i.e., P(6("™) = 1/M for any m. This non-informative prior
is standard in finite model selection [Seeger, 2002].

Corollary 1 (KL bound for uniform prior over finite can-
didate class). Under the conditions above, KL(Q||P) <
log M. In particular, if ) is the Dirac distribution supported
on a data-selected checkpoint 0™, we have KL(Q|| P) =
log M.

Remark 12. Corollary[l)yields a direct interpretation of
model selection in the PAC-Bayes bound. Evaluating M
fixed checkpoints and selecting one using the evaluation
sample incurs an additional sampling error cost in The-
orem 2} controlled by log M via the quantity KL(Q||P).

5.2 TRAINING RLHF BY SGD AS
ORNSTEIN-UHLENBECK PROCESS

Stochastic gradient descent (SGD), and its variants, are
popular optimisers [Robbins and Monro, |1951]]. Suppose
the parameter space is R? for some d € N. Assume the
prior is Gaussian, i.e., P = N (6, A) for some 6y € R¢ and
some symmetric positive definite matrix A € R?*<,

We employ a standard local diffusion approximation for
constant-step-size SGD. Near a locally stable optimum, late-
stage SGD iterates follow an Ornstein-Uhlenbeck (OU) pro-
cess [Uhlenbeck and Ornstein, [1930]:

b, = —H(0, — 0) dt + /e S}/2 AW,

where W, is a d-dimensional Brownian motion, H = 0 is
the local Hessian at 6, and & g = 0is the local gradient-noise
covariance. We make the following assumptions, standard
for this local OU approximation; see, e.g., Mandt et al.
[2017]], He et al.|[2019]], Chen et al.| [2023]].



Assumption 4. Assume the optimisation problem has a
locally stable optimum 6 € RY; ie., within a neighbour-
hood of 0, the objective admits a quadratic approximation
with Hessian H > 0 and the gradient noise covariance is
approximately constant and equal to ¥, = 0. In addition,
the matrices H and %4 commute; i.e., HY; = Y4 H holds.
Moreover, there exist constants 0 < m < M < oo such that
the local curvature spectrum satisfies mI < H < M 1.

Under the assumption above, the OU process admits a sta-
tionary Gaussian law A(A, %), where & = 0 satisfies the
continuous Lyapunov equation HY + X H = €X.,. Accord-
ingly, we approximate the PAC-Bayes posterior induced by
late-stage SGD iterates by Qscp := N (6, X).

Corollary 2 (KL bound for SGD as Ornstein-Uhlenbeck
process). In the special case above, the PAC-Bayes com-
plexity term admits the upper bound

KL(Qscp||P)
((é —90)TATL(0 — ) + % (AT'S,) —d (g)

+ logdet(A) — logdet(¥,) — dlog (ﬁ))

<

N | =

A detailed proof is given in Appendix

Remark 13. Corollary|2|yields a locally valid, optimiser-
explicit bound for KL(Q||P) via the stationary diffusion
approximation of constant-step-size SGD. This secondary
specialisation of Theorem 2| imposes no additional struc-
tural assumptions on the main RLHF analysis. The diffusion
perspective and the associated Ornstein-Uhlenbeck approx-
imation are discussed in detail by|Mandt et al.| [[2017)].

6 PRACTICAL IMPLICATIONS

The discussion below translates our theory into concrete,
practical algorithm design recommendations.

6.1 OPTIMAL KL CLIPPING THRESHOLD

Lemmaincludes a factor 1+ 27, indicating that a smaller
T tightens the sampling deviations that arise from finite n
and K. Lemma[I2]in Appendix [B]gives the corresponding
KL-specific concentration bound for the clipped log-ratio
average, whose deviation also scales linearly with 7. Mean-
while, clipping changes the regularised objective and intro-
duces a systematic mismatch that does not vanish with more
evaluation samples, as formalised in Lemma

Therefore, 7 acts as a bias-variance trade-off hyperpara-
meter rather than a purely stabilising tweak. Aggressive
clipping reduces Monte Carlo noise but increases objective
mismatch; weak clipping preserves the exact KL objective
but exposes training to high-variance log-ratio estimates.

For brevity, we define

To(7) :=E(x,v)~D, [([€o(X,Y)| = 7)1 ].

Since |[lg — €} = (|¢s| — 7)+ under symmetric clipping,
the 7-dependent part of eq. (7) is thus

By(1) := (14 267) an,x,5 + BTo(7).

Let 7* be any minimiser of 7 — By(7) over 7 > 0. We
have the following corollary.

Corollary 3 (Optimal KL clipping threshold). For any para-
meters 0 € © and ¢ € P, regularisation coefficient 3 > 0,
confidence level 6 € (0,1), and integersn > 1 and K > 1,
if 200, k.5 < 1, T satisfies

P L(X,)Y)|>1") <
B (X)) > ) <

2ap,Ks < Pr

B (X Y)| 2 7).

if, in addition, Pr(x y)~p, ([€e(X,Y)| = 7%) = 0, we have

Pr (|6o(X,Y)| > 1) = 2anks,
B, (s(X, Y > 77) O, K5

and, equivalently, T* is the (1 — 2w, k. s)-quantile of
|lo(X,Y )| under Dy. Otherwise, if 2au, 1,5 > 1, we have
T* = 0 is a minimizer of T — By(T) over 7 > 0.

Detailed proofs are in Appendix [C.4]

Remark 14. Corollary 3] suggests choosing T so that the
clipping fraction Pr(|g| > T) matches the target level
20, k,5. As the evaluation budget (n or K) increases,
ks decreases. Consequently, the target clipping frac-
tion decreases and the recommended threshold T increases.
This quantile-based rule automatically relaxes clipping as
Monte Carlo error diminishes.

Threshold calibration Practitioners often treat the clip-
ping threshold 7 as a static hyperparameter that re-
quires manual tuning. Corollary [3|instead yields a direct,
budget-aware calibration rule. Given an evaluation batch
{(xi,vi,j)}i<n, j<k, compute the log-ratio magnitudes
U5 1= \Kg(a:i,yi}jﬂ. If 2an’K’5 > 1, set 7 := 0. Oth-
erwise, set 7 to the empirical (1 — 2a, k ¢)-quantile of
{u; ;}. Algorithmically, this theory-guided rule balances the
bias—variance trade-off by clipping approximately the top
20, ks fraction of extreme log-ratios in the batch, thereby
reducing reliance on heuristic hyperparameter sweeps.

Theorems 1-2 treat 7 as fixed; when 7 is selected from
the evaluation sample (e.g., by an empirical quantile rule),
the resulting procedure should be viewed as a practical
calibration heuristic unless additional uniformity or sample-
splitting arguments are used.



6.2 BUDGET ALLOCATION ACROSS PROMPTS,
ROLLOUTS, AND PREFERENCE DATA

Given a fixed computational budget, practitioners often face
an allocation trade-off among prompts, rollouts per prompt,
and preference data. This subsection provides theoretically
grounded guidelines for this budget distribution.

6.2.1 Uniform-cost baseline

Suppose rollouts share the same cost and the sampling
budget is bounded by nK < B for some B > 0. Sub-
stituting n = B/K into the leading-order sampling terms
of Lemma [ reveals that the upper bound is minimised
at K* = 1. Therefore, under a uniform-cost model, the
range-based concentration bound strongly favours allocat-
ing budget to prompt coverage rather than additional rollouts
per prompt. A detailed derivation is given in Appendix [C.8]

6.2.2 Prefill and decode cost model

In LLM inference, sampling costs are typically asymmet-
ric across prompts and rollouts [Pope et al., 2023]]. Eval-
uating a new prompt requires a forward pass over prompt
tokens to construct an attention cache, whereas additional
rollouts reuse this cache, primarily incurring incremental
decoding costs [[Kwon et al.| |2023]]. We model this asym-
metry by separating a prefill and a decode cost, imposing
the constraint: B > n cprean + 1K Cdecode. Substituting
n = B/(cprefin + K Cdecode) into the dominant sampling
structure isolates a one-dimensional objective in K. Treating
K > 1 as a continuous variable in the leading-order proxy
from Lemma 4] yields the following optimal allocation rule.

Corollary 4 (Optimal rollout allocation). The continuous
proxy minimiser over K > 1 satisfies

2/3
K* = max{1 <cpr6ﬁu> .
’ Cdecode
In practice, one may take K = | K*|, and then set n by the
budget constraint.

Detailed proofs are in Appendix [C.8]

Remark 15. The expression for K* depends only on the
ratio Cprefill/Cdecode because the shared range multiplier
1+ 287 does not affect the minimiser. The 2/3 power law
implies that the optimal number of rollouts per prompt grows
sublinearly with Cprefill / Cdecode-

Variance-aware refinement The range-based sampling
simplification above is conservative because it does not sep-
arate prompt-level variability from rollout-level variability.
A refinement is to use a two-stage variance decomposition.

Let Z denote a per-rollout contribution in the empirical ob-
jective (see the variables Z; ; in the proof of Lemma [2]in
Appendix [C.2)), and define

o2 = Var(E[Z | X]),

prompt =

O'Igollout = E[V&I‘(Z ‘ X)] .

Corollary 5. Under the same cost constraint B >
N Cprefill + NI Cdecode, Optimising the resulting variance
proxy yields an allocation rule of the form

2
Cprefill O
* o pre rollout
K* ~ maxq1,/—— 522 5.
Cdecode Uprompt

A proof is given in Appendix [C.§]

6.2.3 Preference data

Beyond prompts and rollouts, the reward shift error intro-

duces an additional budget consideration. By Lemma@ this
2

term depends on the reward-model training error Lgmn (9)

and the coverage coefficient C(6). Preference data collection
therefore affects the bound in two ways. Increasing relev-
ant preference data can improve reward-model fit on the
training distribution, and collecting data closer to the policy-
induced distribution can reduce the mismatch captured by
C(0). These observations provide guidance for preference
data collection through their effect on the reward shift term,
although the present analysis does not derive an explicit
allocation rule in terms of the number of preference labels.
This implication is most relevant when the sampling terms
are no longer the dominant terms in the bound.

7 CONCLUSIONS

Alignment and adaptation in large language models (LLMs)
are now driven by reinforcement learning from human feed-
back (RLHF), but a rigorous theory of how RLHF general-
ises is still underdeveloped, particularly when the reward
could shift, and a KL clipping regularisation is implemen-
ted. To address this gap, we develop generalisation theory
for RLHF that explicitly models two key practical effects:
(1) distribution shift between the data used to train the re-
ward model and the policy-induced distribution encountered
at deployment, and (2) statistical noise introduced by em-
pirical estimation of the clipped KL regulariser. We prove
high-probability generalisation bounds that decompose the
generalisation error into interpretable components, includ-
ing sampling error from both prompts and rollouts, reward
shift error, and KL clipping error. Our theory suggests op-
timal KL clipping threshold rules, quantitative budget alloc-
ation guidance on prompts and rollouts, and guidance for
preference data collection through the reward shift term.
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A NOTATION
Table 1: Notation
Symbol Meaning
X,y Prompt space and response space.
(z,9) A prompt-response pair.
p Prompt distribution used for post-training / evaluation.
Plabel Prompt distribution used for collecting preference data (reward modelling).
w(-| ) A policy: conditional distribution over responses given prompt .
Ty Post-trained policy, parameterised by 6.
O Policy parameter space.
Tref Reference policy (typically an SFT model).
0 Parameters of the policy 7y.
P Reward-model parameter space.
10) Parameters of the learned reward model 7.
X xY —[0,1] Target (oracle) reward function.
Fo: X x Y —10,1] Learned reward model with parameters ¢.
es(x,y) Reward-model error, typically ey (x,y) = 7y (z,y) — r*(z, y).
Dirain Joint distribution for reward-model training, €.g. Dirain (T, ¥) = plabel (Z) Tret (Y | ).
Dy Policy-induced joint distribution, Dy (x,y) = p(z) me(y | x).
Lgfiin(d)) Reward-model MSE on Diyain: E(x,v)~ Dy, [€6 (X, Y)?].
X2 (Dg|| Dtrain) Chi-square divergence measuring coverage / shift from Dy, to Dy.
c(6) Coverage coefficient, typically C(6) = /1 + x2(Dg|| Dirain)-
Chrompt Prompt-shift component of coverage (in a factorisation of C'(6)).
Cpo1(0) Policy-shift component of coverage (in a factorisation of C(6)).
8>0 KL-regularisation strength (penalty coefficient).
o(z,y) Log-ratio, g(z,y) = logmo(y | z) — log mret (y | ).
T>0 Clipping threshold for log-ratios.
0 (z,y) Clipped log-ratio, £j (z,y) = clip(¢g(z,y), —7, 7).
KL(mg (- | )||mret(- | )) Reference KL at prompt x (population expectation of fg(z,Y) under Y ~ (- | z)).
J-(9) Population objective under reward r: Ex ., v oro (.| x)[7(X,Y) — BLo(X,Y)].
Jr.(0) Clipped population objective: replace £y by ¢} in J,.(6).
J*(0) Target objective, typically J*(6) = J,.« ().
J?(0) Learned-reward objective, typically J?(0) = J;, ().
J*7(6) Learned-reward clipped objective, typically J*7 (6) = J;, - (6).




Symbol Meaning

f;} (0) Empirical objective using n prompts and K rollouts per prompt (reward r, clipping 7).

f;;:go (0) Conditional (infinite-rollout) analogue: expectation over rollouts given the n sampled prompts.
n Number of sampled prompts.

K Number of rollouts per prompt.

P Prior distribution over © (PAC-Bayes).

Q Posterior distribution over © (PAC-Bayes).

KL(Q|P) PAC-Bayes complexity term.
0 €(0,1) Confidence parameter for high-probability bounds.

B DEFINITIONS AND LEMMAS

Definition 2 (KL divergence [Kullback and Leibler, |1951]). Suppose that P is absolutely continuous with respect to Q. The

KL divergence is defined by
., p(iﬂ))
KL(P|Q) := /p(z) IOg(q(x) dz.

Lemma 8 (Hoeffding’s inequality [Hoeffding, |1963[). Let Z1, ..., Zn be independent random variables. Assume there
exist constants a < b such that a < Z; < b almost surely for every i. Then, for any § € (0, 1), with probability at least 1 — 6,

N N
1 1 log(2/0)

< (b— —_—
< (b— a2
Lemma 9 (Hoeffding’s lemma [Boucheron et al.,2013|]). Let Z be a random variable and assume a < Z < b almost surely.
Then, for any A € R,

Elexp(A(Z — E[2]))] < exp(

Lemma 10 (Change of measure [Catoni, [2007]). Let P and Q be distributions on © such that KL(Q||P) < oo. Let
F : © — Rsatisfy Eg.plexp(F(0))] < oo. Then,

Eo~q[F(0)] < KL(Q|P) +log Eg~plexp(F(0))] .
Proof. Let p and g denote densities of P and @ with respect to a common reference. By definition, KL(Q||P) =

Eq[log(q/p)]-

Start from the identity
Eq[F] = Eqllog(e")).

Insert the density ratio p/q inside the logarithm:

Eq[F) =Eq [@(Jé’)} +Eq [@(2)} .

The second term is exactly KL(Q||P). For the first term, Jensen’s inequality gives

Eq [log (er)] <logEqg [er} = logEplef].
q q
Substituting these two relations into the previous display yields
Eq[F] < KL(Q||P) + logEp[e"],
which is the claimed inequality. U
Definition 3 (x? divergence [Tsybakov, 2009])). Suppose that Dy is absolutely continuous with respect to Dyyain. The x>

divergence is defined by
Dy(X,Y) 2
2(Dgl| Dirain) :=E . S AN R .
X" (Dé || Dirain) := E(x,y)~Dirain D (X,Y)



Lemma 11 (x? change of measure). Let P and Q be distributions on a common space and assume QQ < P. Let w = 49

dpP
and assume x*(Q||P) < oo. If f satisfies Ez.p[f(Z)?] < oo, we have

Ez~alf(2)]] < V1+X2(QIIP) VEz~r[f(2)?].

Proof. Because () < P, the density ratio w = % exists and the expectation under () can be written as

Ezqlf(Z)] =Ez~plw(2)f(Z)].

Applying Cauchy—Schwarz to the right-hand side gives

Eplwf]| < VEp[w?] vVEp[f?].
It remains to express Ep[w?] in terms of x?(Q|| P). By definition,
(QIP) = Epl(w — 1] = Ep[u?] — 2Eplu] + 1

Also Ep[w] = 1, since w = dQ/dP integrates to 1 under P. Substituting Ep[w] = 1 into the previous identity yields
Ep[w?] = 1+ x%(Q|| P). Plugging this into the Cauchy—Schwarz bound gives

Ez~lf(Z)]] < V1+x2(QIP) VEz~prlf(Z)?],

which completes the proof. O

Lemma 12 (Monte Carlo estimation of the clipped log ratio). Under the same conditions of Lemma 2] with probability at
least 1 — 6 over the evaluation prompts and rollouts,

Rk (0) — K7 (0)] < 27 <\/ logéi/ Jn \/ 1o§%5)> . )

Lemma 13 (KL divergence between Gaussian distributions [Murphy, [2022]). Let Q@ = N (ug,Xq) and P = N (up,Xp)
be Gaussian distributions on R?, where Yq = 0and Xp = 0. Then,

det(Ep)). (10)

1
KL(Q||P) = 5(&(2;12@ +(ug — np) 'S5 (ng — pp) — d +log det(Sg)

C PROOFS

C.1 ERROR DECOMPOSITION
Proof of Lemmall] Let 0 € © and ¢ € ® be arbitrary, and let 7 > 0 be an arbitrary clipping threshold. The argument

is a purely algebraic decomposition in which two intermediate population objectives are inserted between the empirical
surrogate objective and the target objective.

Consider the difference ff;(&) — J*(). Add and subtract the intermediate quantities 7 (#) and J¢(6) to obtain
T2 (0) = () = T2 (6) = J*7(8) + J*7(0) — J*(6) + J*(8) — J*(6).
Taking absolute values and applying the triangle inequality gives
[Tk (O) = T O) < |T75(0) = JoT(0)] + [T (0) = J2O)] + |1°(0) = J*(0)].

This is exactly the inequality stated in Lemmal[I] O



C.2 STATISTICAL ERROR
Proof of Lemmal[2] Let € O be an arbitrary policy parameter. Let  : X x Y — [0, 1] be an arbitrary reward function, let
7 > 0 be an arbitrary clipping threshold, and let § € (0, 1) be an arbitrary confidence level.

The goal is to control the Monte Carlo deviation arising from drawing only K rollouts per prompt, while conditioning
on the realized prompts. Let x1, ..., 2, denote the realized prompts. For each i € {1,...,n} and each rollout index
j €{1,..., K}, define the per-rollout contribution

Zij = 1w, i5) — BLy (i, Yi 5)-

By the definition of the empirical objective, one can rewrite

Next define the conditional expectation of the empirical objective given the prompts. For each fixed prompt x;, conditional
on z; the rollout y; ; is distributed as mg (- | x;), hence

E[Zij | %] = By org (o) [1(@i, V)] = BEymy (12 [lg (74, V)]

Averaging these conditional expectations over ¢ yields the infinite-rollout analogue
Fr @)= LY Bz |0
’ = = i ZTil|.
n,oo n p 11

By construction,
E[T25(0) | 0| = o7 (6).

To apply Hoeffding’s inequality, it remains to verify a uniform bound on each Z; ;. Because r(z;,y; ;) € [0, 1] and
05 (x4, y,5) € [—7,7], it follows that
—B1 < Z;; <1+ 8T,

so the interval width is 1 + 257.

Conditional on the prompts zi.,, the rollouts are independent across all index pairs (i, 7). Therefore the collection
{Z, ;}i<n, j<K is independent conditional on z1.,,. Applying Lemmato the average of these n K bounded independent
random variables, with failure probability J, gives that with probability at least 1 — § over the rollouts conditional on 1.,

Tr,T T 10g(2/5)
‘Jn,K(e) - IE|:J7L,K(9) | xl:n:| | < (1 + 267—) W
Replacing the conditional expectation by jf;;o (0) yields
Tr,T Tr,T log(z/é)
|Jn,K(9) - Jn:oo(aﬂ < (1 + 257-) kK
which is the conclusion of Lemma[2] O

Proof of Lemma([3] Let 6 € © be an arbitrary policy parameter. Let r : X x ) — [0, 1] be an arbitrary reward function, let
7 > 0 be an arbitrary clipping threshold, and let § € (0, 1) be an arbitrary confidence level.

This lemma controls the deviation due only to sampling finitely many prompts, after taking the conditional expectation over
rollouts. Define, for each prompt x € X,

gg’T(x) = EYNﬂ'eHx) [T(m, Y)] - 5]EY~Tre(-|m) [Zg(% Y)]

Because r(-,-) € [0,1] and £} (-, -) € [—7, 7] pointwise, the first expectation lies in [0, 1] and the second expectation lies in
[—7, 7]. Consequently, for every x,
=BT < gy (z) <1+ Pr,



so the interval width is again 1 + 237.
By definition,

n

Tr,T 1 rT T rT
Tnse(0) =D 95" (), J77(0) = Ex~plgg” (X))

i=1

Since 1, ..., z, are independent draws from p, the sequence g, (z1),...,g," (z,) consists of i.i.d. random variables
bounded in an interval of width 1 4+ 287. Applying Lemma [8| with N = n and failure probability J yields that with
probability at least 1 — & over the prompts,

| To T (0) = J77(0)] < (1+267) W'

This is precisely the statement of Lemma [3] O

Proof of Lemmad] Let 0 € © be an arbitrary policy parameter. Let 7 : X x ) — [0, 1] be an arbitrary reward function, let
7 > 0 be an arbitrary clipping threshold, and let § € (0, 1) be an arbitrary confidence level.

The proof combines the two previous concentration statements by enforcing that they hold on a common high-probability
event, and then applying a triangle inequality.

Define the rollout concentration event

T TrT log(4/0
aw::{Lagxw—wh¢J@|S(1+23ﬂ gié)}'

Lemma applied with confidence parameter §/2 implies that, conditional on z1.y,,
Pr(groll ‘ ml:n) >1- 5/2

Define the prompt concentration event

%mm:{ﬁ&@—fﬂmsu+wﬂlﬁg®}

Lemma applied with confidence parameter §/2 yields
Pr(gprompt) Z 1— 6/2

Let Etat 1= Eroll N Eprompt- By the union bound,

Pr(é’stat) Z 1-—0.

Assume that Eg,t holds. Then, the triangle inequality gives

[T (0) = T ()] < [T 5 (0) — Tra (0)] + [ T55o (8) — T (9)]

<ova (VL ()

which is exactly the inequality claimed in Lemma[4] O

Proof of Lemma([I2] Let € © be an arbitrary policy parameter, let 7 > 0 be an arbitrary clipping threshold, and let
0 € (0,1) be an arbitrary confidence level. Recall that 21, . . ., x,, are independent draws from p, and that, conditional on
each z;, the rollouts y; 1, . . . , ¥;, ik are independent draws from 7y (- | ;). Define the per-rollout clipped log ratio

Zij = Ly(Ti,Yi5),



so that, by the definition of &}, 4 (0),
1 n K
Kk (0) = K Z Z Zij-
i=1 j=1

Because ¢ (z,y) = clip(¢o(z,y), —7,7) by definition, it follows that Z, ; € [—7, 7] almost surely for all (¢, 7), and
therefore each Z; ; is bounded in an interval of width 27.

To make the two-stage sampling structure explicit, introduce the conditional infinite-rollout analogue

n

. 1
Froo(0) = = > ElZiy | @3] = ZEYWQHM[%(%Y)]-

=1 i=1

By construction, conditional on the realized prompts x1.,, the random variables {Zi,j}v'én, j<k are independent, and
moreover

Applying Lemma to the average of the nK bounded independent random variables {Z; ;}, conditional on z1.,, and with
failure probability 0/2, yields that with probability at least 1 — & /2 over the rollouts conditional on 1.,

log(4/6)

|K:71K 7100(0)|§2T nk

It remains to control the deviation due to sampling only finitely many prompts. Define the prompt-level functional
hg (CC) = EYNFGHI) [Eg (:Z?, Y)] .

Since ¢ (z,Y) € [—, 7] almost surely under Y ~ mq(- | x), it follows that hj (x) € [—7, 7] for every x, and thus hj(X) is
bounded in an interval of width 27 when X ~ p. By the definition of %7, . (6),

1 n
==Y hj(x;).
[t
Moreover, by the definition of Dy (x,y) = p(z)mg(y | ), the clipped population average can be written as

RT(0) = E(x,v)~py [0 (X, Y)] = Explh (X)] -

Since z1,...,z, are independent draws from p, the sequence hj(z1),...,hj(x,) consists of i.i.d. random variables
bounded in an interval of width 27. Applying Lemma with N = n and failure probability /2 yields that with probability
at least 1 — §/2 over the prompts,

log(4/6)

[77,00(0) = 17(0)] < 27/ =5~

n,oo

Finally, consider the event on which both of the preceding inequalities hold. By the union bound, this event has probability
at least 1 — ¢ over the joint draw of prompts and rollouts. On this event, the triangle inequality implies

|7 5 (0) — £7(0)| < |&], x(0) — &), o (0)] + |R], o (8) — £7(0)]
os(@/9) _[loa(4/s)
SQT<\/ om +\/ MK )

which is exactly the claimed bound in (9). O




C.3 REWARD SHIFT AND SURROGATE BIAS

Proof of Lemmald] Let§ € © and ¢ € ® be arbitrary parameters. The proof begins by expressing the objective gap as an
expectation of reward-model error under the deployment distribution, and then transferring this expectation back to the
reward-model training distribution via a density ratio.

By definition,
J?(0) = ExpEy ory(1x) [Fo(X,Y)] = BEx~pKL(mo(- | X)|meer (- | X)),

and
JH(0) = ExpBy oy (1)1 (X, Y)] = BExpKL(7a (- | X)|7ret (- | X))

The KL regularization terms coincide, so they cancel after subtraction, giving
J?(0) = J*(0) = ExnpBy oy (1) [Fo(X,Y) — 1" (X, Y)].

Introduce the pointwise reward-model error e4(x,y) = 74(x,y) — r*(x,y). Using the joint distribution Dyg(x,y) =
p(x)mg(y | x), the preceding display can be rewritten as

J?(0) = J*(0) = E(x,y)~pp 66 (X, Y)].

Assume that Dy < Dy,in and define the density ratio

Dg(.’l?,y)
we(%y) = m

Then, the expectation under Dy can be written under Dy,,i, as
E(x,v )~y 66 (X, Y)] = E(x,v) Dy [W0 (X, Y)eg (X, Y]

Applying Cauchy—Schwarz yields

Eunlw0es]] < \/Epu 03] \/Ep €]

The second factor is exactly 4/ Lgf;in(qﬁ) by the definition of L (¢). For the first factor, note that Ep, . [wg] = 1 and

train

X2<D0||Dtrain) = ED4ain [(wG - 1)2] = EDyrain [wg} -1

Consequently, Ep,.... [w2] = 1 + x?(Dg|| Dtrain)- Substituting these identities into the Cauchy—Schwarz bound gives

179(0) — J*(0)] < /T + x2(Da | Divain) \ L0 (9)-

By the definition of C() in eq. (3)), this is
[J9(0) = J*(0)] < C(0) \/ Lk (9),
which is the statement of Lemma[3] O

Proof of Lemmal6] Let 6 € © be arbitrary. Assume that p < piaper and that mo(- | ) < meet(- | ) for every = with
Plabel () > 0. Under these conditions, Dy < Dy;ain holds and the density ratio

Dg(l', y)
wy(x,y) = —m———
6( y) Dtrain(xa y)
is well defined on the support of Dyaiy .

By definition,
6(9)2 =1+ XQ(DQHDtrain) = ]E(X,Y)NDtm;r, [’U)g(X, Y)2] .



Using Diyain (%, Y) = prabel (%) et (v | ) and Dy(x,y) = p(z)me(y | x), one obtains the factorization

p@)  mlyla)
plabel(x) 7Tref(y | ‘T) .

wy(z,y) =

Substituting this expression into the definition of C(#)? and taking expectation under Dy, i, yields

_ p(X) \° (V| X) \*
C(9)2 —Eprlabel l(w) EYNmef(.lX) [(m) ]] '

By the definition of Cp,01(6), the inner expectation is bounded above by Cp,01(6)? for each z in the support of piaper. Therefore,

2
C(0)? < Coor(6)°Exwpr [( PX) )) ] = Cpor(6)? Crppapn-

Plabel (X

Taking square roots yields C(6) < Cprompt Cpol (8). O

Proof of Lemmal[7] Let 6 € © and ¢ € ® be arbitrary parameters, and let 7 > 0 be an arbitrary clipping threshold. The
argument is an identity at the level of population objectives, followed by a standard absolute-value bound.

By definition of the clipped objective,
TOT(0) = ExnpBymmy (1) [P0 (X, V)] = BEX~pEymmy (13 [65(X, V).
Using Dy(x,y) = p(z)mg(y | x), this can be written as

JOT(0) = E(x,y)op, [Fo(X, Y)] = BE(x,v)~D, [0 (X, V).

For the exact objective, recall that
KL(7o (- | 2)||meet (- | ) = Ey oy () [0 (2, V)]

Substituting this identity into the definition of J?(6) yields

J?(0) = E(x,y)~ D, [P6 (X, V)] = BE(x,y)~ Dy Lo (X, V)]
Subtracting the two displays gives the exact identity

JOT(0) — J?(0) = BE(x,vy~p, [Lo(X,Y) — (5(X,Y)].

Taking absolute values and using |E[U]| < E[|U]] yields

J97(0) — J?(0)] < BE(x,y)~p, [[lo(X,Y) — (X, Y)]],

which is precisely the inequality asserted in Lemmal[7] O

C.4 UNIFIED FIXED-POLICY BOUND

Proof of Theorem(I] Let 6 € © and ¢ € ® be arbitrary, and let 7 > 0 and § € (0, 1) be arbitrary. Assume the conditions
stated in Theorem [T} so that Lemmas 4] [5] and[7]are applicable.

LemmalT] provides the deterministic decomposition

725 (0) = T(0)] < | T (0) = J27(0)] + |T27(0) = TP (0)] + |12(9) — T*(0)].

To control the first term, apply Lemma with » = 7. With probability at least 1 — ¢ over the evaluation prompts and

rollouts,
T2 (6) = T7(8)] < (1 +27) W bgéi/ . V 105%)) '




The remaining two terms are controlled deterministically. Lemma[7] gives
727 (8) = J0)] < BE(x.yympy[llo(X.Y) = G(X, V)],
and Lemma 5] gives
[79(0) = 7 (B)] < C(6) \ L7 (0).

Substituting these three bounds into the decomposition yields the inequality stated in Theorem L

Proof of Corollary[3] Let 6 € © be an arbitrary policy parameter, let ¢ € ® be an arbitrary reward-model parameter, let
B > 0 be an arbitrary regularization coefficient, let 6 € (0, 1) be an arbitrary confidence level, and let n > 1 and K > 1 be
arbitrary integers. Define

O K06 2= \/10%‘;/5) + \/1057(14[46)7 By(7) == (14 2B7)an, k5 + BTo(7),

where
To(1) := E(x,v)~pe [(ILo(X,Y)| = 7) 4]

Let (X,Y) ~ Dy and define the nonnegative random variable Z := |¢y(X,Y")|. With this notation one has Ty(7) =
E[(Z — 7)4], so the function of interest can be written as

By(t) = (1+287)an. x5 + BE[(Z — 7)4].

The next step is to relate the one-sided derivatives of 7 — E[(Z — 7)4] to the tail probabilities of Z. For every z > 0 and
every 7 > 0, the identity

(z—7)1 = /Ool{z>t}dt

holds, because the integrand equals 1 precisely on the interval ¢ € [r, z) when z > 7, and otherwise it is identically zero.
Applying this identity with z = Z and using Tonelli’s theorem, which is applicable because the integrand is nonnegative,
yields the representation

o0
E[(Z —1)4] = / Pr(Z > t) dt.
Let 7 > 0 and let A > 0. Using the integral representation at 7 and at 7 + h gives
T+h
E((Z — (7 + h))s] —E[(Z —7)4] = — / Pr(Z > 1) dt.

Since the function ¢ — Pr(Z > t) is nonincreasing, one has

T+h
hPr(Z >7+h) S/ Pr(Z >t)dt < hPr(Z>rT).

Dividing by h and combining with the previous display yields

E[(Z = (r+1)+] - E[(Z = 7)4]
h

-Pr(Z>71) < < —=Pr(Z >71+h).

Letting A | 0 and using the monotone convergence Pr(Z > 7 + h) — Pr(Z > 7) yields the right derivative identity

d%E[(z S

Let 7 > 0 and let h € (0, 7). Using the integral representation at 7 and at 7 — h gives

E[(Z —7)4] —E[(Z — (r — h))4] = — /Th Pr(Z > t)dt.



Since ¢t — Pr(Z > t) is nonincreasing, one has

hPr(Z>71) < / Pr(Z > t)dt < h Pr(Z > 1 —h).
T—h

Dividing by h and combining with the previous display yields

E[(Z —7)4] —El(Z = (T = h))4]
h

—Pr(Z>7—-h) < < —Pr(Z > 7).

Letting h | 0 and using the monotone convergence Pr(Z > 7 — h) — Pr(Z > 1) yields the left derivative identity

dTi_]E[(Z —7)4] = —Pr(Z > 7).

It now follows that By has one-sided derivatives for every 7 > 0, and these derivatives satisfy

By(t%) = 2Banks — BPr(Z > 1), By(t7) =2Ban ks — BPr(Z > 1) forevery 7 > 0.

Let 7* be any minimizer of 7 — By(7) over 7 > 0. If 7* > 0, the minimality of 7* implies that the left derivative is
nonpositive and the right derivative is nonnegative, so Bj((7*)~) < 0 < Bj((7*)") holds. Substituting the one-sided
derivative expressions yields

Pr(Z > 1) < 2an ks < Pr(Z>71).

If 7% = 0, the minimality of 7* implies 0 < Bj(0"), and therefore Pr(Z > 0) < 2a, k5 holds. If 2, ks < 1, the
inequality 2av, ks < Pr(Z > 0) = 1 holds as well, and this yields the same two-sided condition with 7* = 0.

Finally, if 2a,, x5 > 1, for every 7 > 0, one has
By(t7) = 2Ban.rx5 — BPr(Z > 7) > 2Ban ks — B >0,

and therefore By is nondecreasing on (0, o), which implies that 7* = 0 is a minimizer over 7 > 0. Recalling that
Z = |ty(X,Y)| with (X,Y) ~ Dy, the stated conditions are exactly

Pr ([(X,Y)] > ) < 2anrs < Pr ([te(X,Y)] > 1),
<x,y)ipg(| oY) >77) < 20n k0 < (X,Y>r~De<| o(X, V) 277)

and when Pr(Z = 7*) = 0 the two inequalities collapse to the equality Pr(Z > 7*) = 2a,, k¢, Which is equivalent to the

quantile statement. O

C.5 PAC-BAYES AUXILIARY BOUNDS

Lemma 14 (PAC-Bayes bound for prompt sampling [McAllester, [1999] [Seeger}, 2002]]). Let P be a prior distribution on ©,
letT > 0andé € (0,1) be given, and letr : X x Y — [0,1] be a given reward function. With probability at least 1 — §
over xi,...,Ty ~ p, the following inequality holds simultaneously for all posteriors Q) on ©:

777(@) = T (@) < (1+ 28r) [ KLU log0]b)

Proof. Let A > 0 be arbitrary. For a given parameter value § € ©, consider a single prompt draw X ~ p. As in the
prompt-sampling argument in Lemma the quantity g, " (X) lies in the interval [—37, 14 37]. Consequently, the centered
random variable J™7 (6) — g,”" (X) is almost surely bounded in an interval of width 1 + 237. Applying Lemma@] yields

. e A2(1 + 287)2
Ex~pexp(A(J77(0) — gp" (X)) < exp<(8) .
Now let zy, ..., z, be i.i.d. draws from p. Using independence and the definition

N 1 n
Jnte(0) = o gy (1),
=1



it follows that
A2(1+ 257‘)2>

Eexp()\(Jr’T(e) - j:Lgo(e))) S exp< 8n

Taking expectation with respect to § ~ P and applying Markov’s inequality yields that, with probability at least 1 — §/2

OVEer X1.n,
T,T A’I"T 2 )\2 1 + 2 T ’
Eop exp(/\(J (0) — Jn:oo(ﬂ))) < 56Xp<(8nﬂ)> '

On this event, Lemma[T0]can be applied with
F0) = )\(J”(G) =I5 (9)).

For every posterior () on O, this gives

AI(Q) = Ti5(Q)) < KLQIP) + g + - 27

Optimizing over A > 0 yields the one-sided bound

F(Q) = Ti(@) < (1 + 25y KLAP) H 1os2/0),

Applying the same argument to the opposite deviation f;’go(Q) — J"7(Q) and taking a union bound yields the stated
two-sided inequality with log(4/6). O

Lemma 15 (PAC-Bayes bound for rollout sampling [Catoni, [2007]]). Let P be a prior distribution on ©, let 7 > 0 and
0 € (0,1) be given, and let v : X x Y — [0, 1] be a given reward function. With probability at least 1 — § over the rollouts
conditional on x1.,, the following inequality holds simultaneously for all posteriors QQ on ©:

~ ~ KL P log(4/6
T2 (@) = 5@ < (1-+ 287) KLQID) + Los(/0)

Proof. Condition on the realized prompts x1.,,, and let A > 0 be arbitrary. For each index pair (%, j), define
Zij(0) :=r(i,yi ) — B (w3, yij)-
For every 6 € ©, the bounds r € [0,1] and ¢} € [—T, 7] imply
7ﬂ7’ S ZL](@) S 1 + ﬂT.

Conditional on (1.5, 6), the rollouts are independent across all pairs (i, 7).

Define the deviation R R
A(0) = 5 (0) = )k (0).

By construction, j;}'((@) is the average of the n.K random variables Z; ;(6), and fnrgo (0) is their conditional expectation
given z1.,. Applying Lemma[J]to the average of bounded independent terms yields

A2(1+ 257)2> .

E[exp(/\A(e)) ‘ xl:me] < eXp( SnK

Taking expectation over 6 ~ P and applying Markov’s inequality implies that, with probability at least 1 — 6/2 over rollouts

conditional on x1.,,
A2(1+2p7)?
SnK '
On this event, Lemma|10|applied with F(6) = AA(6) yields that, for every posterior Q,

Eovr [ (AA(0) [ 21,] < 5 exp(

MTEE(Q) = 75 (Q) < KL@IP) + o 5 + 527



Optimizing over \ > 0 gives

Tirel@) - T5e@) < (1-+ 207y KD L log/0)

Applying the same argument to the deviation —A(#) and taking a union bound yields the stated two-sided inequality with
log(4/9). O

C.6 PAC-BAYES MAIN BOUND

Proof of Theorem[2] Let ¢ € ® be arbitrary, and let 7 > 0 and § € (0, 1) be given. Let P denote the prior that appears in
Theorem [2] The proof proceeds by combining two PAC-Bayes concentration inequalities with the deterministic reward-shift
and clipping-bias bounds, and then substituting these ingredients into the same three-term decomposition used in the
fixed-policy case.

Apply Lemma with reward r = ' and confidence level §/2. Apply Lemma with reward r = 74 and confidence level
4/2. By a union bound, with probability at least 1 — ¢ over prompts and rollouts, both inequalities hold simultaneously for
all posteriors (Q on ©.

On this event, for every posterior @,

KL(Q|P) +log(8/4)
2nK ’

1T0T(Q) — JOT(Q)] < (H?BT)\/KL(QP)Q: log(8/0)

T2 (@) = TR (@I < (1+ wTM

Combining these two bounds via the triangle inequality yields

Q) JP(Q)] < (1+ 267) ( \/KL(QIP)2 : log(8/9) , \/KL(QPQ)n - 1og<g/5>) |

The remaining two contributions follow by averaging pointwise bounds over 6 ~ Q. Taking expectation in Lemma 7] yields

[797(Q) = I(Q)] < BEsng[Ecx )~y lbo(X,Y) — GG(X, V)]

Taking expectation in Lemma 5] yields
79(Q) = J*(Q)] < EonglC(O)] \/ LT, ()-

Finally, apply the same add-and-subtract decomposition used in Lemmadirectly to fff;( (Q) — J*(Q), and then substitute
the three bounds established above to obtain the stated inequality. On the same event of probability at least 1 — 4, this gives
the inequality stated in Theorem 2] and the statement holds simultaneously for all posteriors () because the concentration
step was uniform over Q. O

C.7 PROOFS FOR PAC-BAYES SPECIAL CASES
C.7.1 Finite candidate class and checkpoint selection

Proof of Corollary[l) Let M > 2 be an integer, and let © 3y = {#(1), ... 0(M)} be the finite set of candidate parameters
described in the statement of the corollary. Let P denote the uniform distribution on © 7, so that P(#(™)) = 1/M holds for
every m € {1,..., M}. Let Q be an arbitrary distribution supported on the same finite set © ;.

Foreachm € {1,..., M}, define

1

= Pemy = — = Qo
P = POU) = = = QO™),



so that g,,, > 0 holds for every m and Zn]\le ¢m = 1 holds by the definition of a probability mass function. By the definition
of the Kullback—Leibler divergence on a finite set, one has

L(Q|P) = Z%m—

Substituting the identity p,, = 1/M into the preceding display yields

M
L(Q|P) = Z Gm 108(gm M) =1og M + > ¢ 10g g,

m=1 m=1

where the final equality follows because Z%_l qm = 1 allows the factor log M to be separated from the summation.

It therefore remains to control the quantity Z _1 4m 10g ¢, For every index m € {1,..., M}, the probability value
Gm lies in the interval [0, 1], and therefore one has log ¢,,, < 0 whenever ¢,, > 0, Wthh 1mplies that ¢,, logg, < 0
whenever ¢, > 0. When ¢,,, = 0, the contribution g,, log q,, is interpreted as 0, which is consistent with the limiting
identity lim o ¢ logt = 0. Consequently, every term in the sum Zf\f:l Gm log q., is less than or equal to 0, and hence

M
> amloggm <0.

m=1
Substituting this inequality into the identity above gives

M
KL(Q|P) =log M + Y gmlog gm < log M.

m=1
Finally, consider the special case in which @ is the Dirac distribution concentrated on a single element (™) € © ;. In that

case one has g5 = 1 and g, = 0 for all m # M. Substituting these values into the definition KL(Q||P) = Zﬁle Gm log Z—m
shows that the only nonzero contribution is the term indexed by 7, and therefore

L(Q|P) =1-log

1
— log M.
1M~ %8

This proves the final statement of the corollary. O

C.7.2 OU-SGD special case for the PAC-Bayes complexity term

Lemma 16 (Bounds for the stationary covariance in the OU approximation). Let H € R*? be symmetric and positive
definite, let 34 € R¥*4 be symmetric and positive definite, and let ¢ > 0. Assume that ¥ € R¥? is symmetric and satisfies
the matrix equation

HY +YH =¢eX,.

Assume also that H and ¥, commute, meaning that H>., = Y¥,H holds. Assume finally that there exist constants

0<m < M < oosuchthatml = H = MI. Then, X satisfies the two-sided bound

— ¥, XY= —3, (11)

Proof. Throughout the proof, for symmetric matrices A and B, the notation A < B means that v " Av < v Bv holds for
every vector v € R?. This definition is convenient because it reduces the verification of a matrix inequality to the verification
of an ordinary inequality that holds uniformly over all vectors.

Define the matrix-valued function
Ft):=e " xne ™  fort>0.



Since H is symmetric, the matrix exponential e~

Differentiating and using the product rule yields

is well-defined for every ¢ > 0, and the map ¢ — F'(¢) is differentiable.

%F(t) = (—He "Mpe H 4 ety (—He ) = e (Y + ©H)e .
Substituting the identity HY 4+ X H = € X, gives
iF(t) = —ce Y e7tH,
dt 7

Integrating the preceding identity from O to 7' gives
T
F(T)—-F(0) = —5/ ety et gt
0

Since F'(0) = X, rearranging yields
T
¥ =F(T)+ 5/ e Y e gt
0

Because H is positive definite, there exists a constant my > 0 such that H > mgl, and therefore the operator norm
satisfies |le7*# ||, < e~*™o for every ¢ > 0. This inequality implies || F(T )|z = |le"THXe TH ||y < [le"TH|3||Z]]2 <
e~2T™0||%]|5, and hence F'(T') converges to the zero matrix as 7' — oo. Taking the limit 7" — oo yields the integral identity

Y= 5/ e*tHEge*tH dt.
0

It remains to compare e~ *#Y e~ to scalar multiples of 3, in the Loewner order. The assumption mI < H < MI
means that every eigenvalue of H lies in the interval [m, M]. Consequently, every eigenvalue of e ' lies in the interval
[e=2tM | ¢=2tm] and this implies the inequalities

eTHM g o HH < om2mT for every ¢t > 0.

The commutativity condition HY; = ¥, H implies that ¥, commutes with the matrix exponential e "' for every ¢ > 0.
Therefore one has
eftHzgeftH _ deftHeftH _ 2g672tH'

Since X, > 0, the matrix square root Z;/ % exists and is symmetric and positive definite. Applying the congruence

transformation with Zfl,/ ? to the Loewner inequalities above yields

5y/2 (e MI)RL? 2 m)Pe R l/2 < w2 (e72 ) SL/? forevery t > 0.
Using 251/ ’1 Zé/ ?= >, and the scalar factors in the two outer terms gives
e*QtMEg =< E;/ze*%HZ;/z = 672tng for every ¢t > 0.

—tH —2tH

The commutativity condition implies that E;/ ? commutes with e and therefore also commutes with e , which yields

2511/2872tHE£1]/2 — 672tHZg — eftHEgeftH'
Substituting this identity into the preceding display yields

e My < Tty et < 2imyy for every t > 0.

Substituting these two bounds into the integral representation of 3 yields
oo o0
s/ e My dt <% < 5/ e 2y dt.
0 0

Evaluating the scalar integrals gives

i € i €
—2tM —2tm
€ dt = — € dt = —
/o ¢ 2M’ /o ‘ 2m’

and substituting these values proves eq. (TT)). O



Proof of Corollary[2] Assume the parameter space is R? and the prior is P = A/ (6y, A) with A = 0. Furthermore, assume
the posterior induced by SGD with constant step size € > 0 is approximated by the stationary Ornstein-Uhlenbeck law

Qsap = N(0,%).

By the local quadratic approximation of the objective, the covariance X satisfies the continuous Lyapunov equation
HY + XH = 3, where &, > 0 is the gradient noise covariance and H > 0 is the objective Hessian at the optimum 6.
We assume that A and >, commute, and that the matrix H is symmetric and satisfies mI < H =< M1 for some constants
0<m< M < oo.

Apply Lemmal13|with pg = 6, £ = %, jup = 0y, and Sp = A. This yields

det(A) ) (12)

KL(Qsap||P) = %(tr(A*E) (0= 00)TATH (O~ 00) —d + log G

The remaining task is to upper bound the trace term and to upper bound the logarithmic determinant ratio in a way that
makes the dependence on ¢, ¥4, and the constants m and M explicit.

First, apply Lemma |16, which gives & =< =%, Since A™' > 0, this inequality implies A~'/?XA~1/2 <
5= A~Y/2% A~1/2, and taking traces yields

2m

—1yvy _ —1/2y0-1/2y « & —1/2 —-1/2y _ & —1
tr(AT) = tr(A7/°2A )_thr(A T,ATHE) thr(A ).

_E

Second, apply Lemma|l6|again, which also gives X = 53:%,. This inequality implies that the eigenvalues of ¥ dominate
the eigenvalues of 5573, when both collections are arranged in nondecreasing order, and therefore the product of the

eigenvalues of 3 is at least the product of the eigenvalues of 55;3,. Consequently,

det(x) > det(ﬁi]g) - (ﬁ)ddet@g),

where the last equality uses the basic scaling rule for determinants. Taking logarithms and rearranging yields

det(A)

1
%8 Jet()

< log det(A) — log det(S,) — dlog (5~ ) -

Substituting the preceding two bounds into eq. (12) yields the claimed inequality eq. (8], and this completes the proof. [

C.8 BUDGET ALLOCATION

Derivation of the uniform-cost baseline K* = 1. Assume that the sampling budget satisfies nK < B for some B > 0, and
assume that each rollout has the same cost so that the constraint depends only on the product n /. Consider the leading-order
sampling structure in Lemmad]and ignore multiplicative constants that do not depend on K. The resulting proxy has the

form
1 1

Vi VnK
Under the constraint n KX’ < B, one may take n = B/K without loss of generality for minimizing the proxy over K > 1.
Substituting n = B/ K yields

1 . 1 /K 4 1
vn o VnK B VB’
The second term does not depend on K, and the first term is strictly increasing in K for K > 1. Therefore the proxy is
minimized by the smallest admissible value of K, which is K* = 1. O

Proof of Corollary Let B > 0, cprein > 0, and cgecode > 0 be given. Assume the budget constraint

B >n Cprefill +nK Cdecode)



and consider the leading-order sampling structure induced by Lemmafd] As in the statement, treat K as a continuous variable
with K > 1 and ignore multiplicative constants and logarithmic factors that do not depend on K. The sampling proxy can

be written in the form .
1
E(n,K)=—+

n

3
:

Under the constraint, the choice
B

n =
Cprefill + checode

saturates the budget and maximizes n for a given K, hence it minimizes E'(n, K) for that K. Substituting this expression
for n gives an objective that depends only on K,

Cprefill T chccodc 1
E(K)\/p 5 <1+\/F>'

Since B is constant, minimizing F(K) over K > 1 is equivalent to minimizing the squared objective

1 2
F(K) := (cpresil + Kcdecode) | 1+ —= | .
(K) = (cpretin + Kca d)( ﬁ)

Expanding the square gives

2 1
F(K) = (Cpreﬁll+checode) (1 + \/? + K) = (cpreﬁll+checode)+2 (Cpreﬁll+checode)K_1/2+(Cpreﬁll+checOde)K_1~

Differentiating term by term yields

1
F/(K) = Cdecode 1 2 (Cdecode‘K_l/2 - 5 (cpreﬁll + checode)K_B/Q) + (cdecodevK_1 - (cpreﬁll + checode>K_2) :

Simplifying this expression gives
F,(K) = Cdecode T cdecodef(il/2 - cpreﬁll}'{iis/2 - Cpreﬁlll{72-
Multiplying by K? yields an equivalent first-order condition
2 2 2 1/2
K F/(K> = CdecodeK + CdecodeK3/ - CpreﬁllK /2 Cprefill -
Let u = VK, so that K = u? and K3/2 = u®. The condition F'(K) = 0 is equivalent to
4 3 _
Cdecode® + Cdecodet™ — Cprefill! — Cprefill = 0;
and the polynomial factors as
Cdecodeu3 (u + 1) - Cpreﬁll(u + 1) = (u + 1) (Cdecodeu3 - Cpreﬁll) .
Since u = vV K > 1, one has u 4+ 1 > 0, so any interior stationary point satisfies CdecodeU® = Cprefill. Therefore
oo\ /3 ‘ 2/3
u = ( prefill ) 7 K = U2 _ < prefill > )
Cdecode Cdecode

This is the interior stationary point. Because the optimisation domain is K > 1, the continuous proxy minimiser is

Cprefill 2/8
* pre
K* = max{ 1, () .
Cdecode



Proof of Corollary[3] Let Z denote the per-rollout contribution used in the empirical objective. Assume that the estimator
averages Z over n independent prompts and K independent rollouts per prompt. Define the two-stage variance quantities

02 omos := Var(E[Z | X]),

promp

. = E[Var(Z | X)].

2
Orollou

The standard variance decomposition for a two-stage average yields the proxy

0'2 " 0'2
rom
V(TL,K) _ _Pp p 4 rollout .

n nk

Assume the budget constraint
B>n Cprefill +nkK Cdecode)

and substitute the saturated choice n = B/(cprefil + K Cdecode)- This yields

V(K) =

2
Cprefill + Kcdecode 0_2 + O rollout
B prompt K

Since B is constant, minimizing V' (K') over K > 1 is equivalent to minimizing

0.2
G(K) = (Cpreﬁll T cheCOde) (Ugrompt + rollout) .

K
Expanding gives
o2
G(K) = Cpreﬁllagrompt + Cpreﬁll% + CdecodeKU?,rompt + Cdecodeazollout-
Differentiating yields ,
G/(K) = _Cpreﬁll Lr;élgut + Cdecodegl?)rompt'

Setting G’ (K) = 0 gives

2
2 _ O rollout
Cdecodeaprompt = Cprefill K2 )

which implies
2
K2 _ Cpreﬁll . Urollout
= .
Cdecode gprompt

Taking square roots yields the interior stationary point

2
— Cprefill O rollout
K —_ —_— 27 .
Cdecode Uprompt

Because the optimisation domain is K > 1, the continuous proxy minimiser is

2

Cprefill g
* pre rollout
K* =maxq 1,/ — 522
Cdecode Uprompt
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