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A B S T R A C T

This paper employs a novel Lie symmetry-based framework to model the intrinsic symmetries
within financial market. Specifically, we introduce Lie symmetry net (LSN), which characterises
the Lie symmetry of the differential equations (DE) estimating financial market dynamics, such as
the Black-Scholes equation and the Vašiček equation. To simulate these differential equations in
a symmetry-aware manner, LSN incorporates a Lie symmetry risk derived from the conservation
laws associated with the Lie symmetry operators of the target differential equations. This risk
measures how well the Lie symmetry is realised and guides the training of LSN under the
structural risk minimisation framework. Extensive numerical experiments demonstrate that LSN
effectively realises the Lie symmetry and achieves an error reduction of more than one order of
magnitude compared to state-of-the-art methods. The code is available at this URL.

1. Introduction
A classic approach for modelling financial market dynamics is via stochastic differential equations (SDEs). Through

the application of the Feynman-Kac formula [1], these SDEs can be transformed into corresponding partial differential
equations (PDEs), such as the Black-Scholes equation [2, 3, 4, 5] and the Vašiček equation [6]. such as the Black-Scholes
equation [2, 3, 4, 5] and the Vašiček equation [6]. Traditionally, numerical methods such as finite volume methods [7]
and B-spline interpolation methods [8, 9] are used to simulate these equations. In recent years, an emerging solution
of solving these differential equations involves using AI-driven methods to fit their dynamics from sampled data,
exemplified by Physics-Informed neural networks (PINNs) [10].

A defining characteristic of SDEs is their “symmetry”. A major family of mathematical tools to characterise the
symmetry are Lie symmetry groups [11, 12, 13]. In traditional numerical methods, symmetry is crucial for solving these
SDEs [14, 15]. The symmetry also facilitates solving both the Black-Scholes equation [16] and the Vašiček equation
[17]. Our vision is that the Lie symmetry can represent some intrinsic symmetry in financial markets, though in an
abstract manner. This abstract symmetry may shed light on discovering “new economics” that is not yet well understood.

However, this symmetry is largely untouched in existing AI-driven DE solvers. Without taking the symmetry into
account, an AI-driven approach could learn an asymmetric solution that probably fits the training data, but unfortunately,
mathematically wrong. This is caused by the imbalance or other limitations in the training data. When the learned
solver is applied to unseen data, the performance is unsecured, as reported in a large volume of literature [18, 19].

This paper endeavours to answer the following fundamental question:

Could Lie symmetry facilitate AI-driven DE solvers in simulating financial market dynamics, and how?

Motivated by this question, we design Lie symmetry net (LSN), which enables the simulation of financial market
dynamics while preserving Lie symmetry.

Similar to many symmetries in physics, the Lie symmetry can be transformed into conservation laws [11, 17, 20, 21].
Specifically, for the Black-Scholes and Vašiček equations, the conservation law derived from Lie symmetry is

𝐷𝑡𝑇
𝑡 +𝐷𝑥𝑇

𝑥 = 0,
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where𝐷⋅ represents the partial derivative with respect to time 𝑡 or asset price 𝑥, and (𝑇 𝑡, 𝑇 𝑥) represents the conservation
vector subject to the symmetry condition (i.e., Lie point symmetry operator) 𝐺, such that the action of 𝐺 on the
conservation vector satisfies 𝐺(𝑇 𝑡, 𝑇 𝑥) = 0 [22, 11].

In our LSN, we design a novel Lie conservation residual to quantify how well the Lie symmetry is realised on one
specific point in the data space that comprises asset price and time. This Lie conservation residual then induces a Lie
symmetry risk that aggregating the residual over the data space, and thus characterises how Lie symmetry is realised
from a global view. It is worth noting that this Lie symmetry risk depends on the specific conservation law, and thus
the specific Lie symmetry operator. This Lie symmetry risk is then integrated with risk functions measuring how well
the LSN fits the sampled data [10, 23], and formulates the structural risk of LSN. We can optimise the LSN under the
structural risk minimisation (SRM) framework [24] to learn an DE solver while preserving the Lie symmetries.

Extensive numerical experiments are conducted to verify the superiority of LSN. We compare LSN with state-of-
the-art methods including IPINNs [25], sfPINNs [26], ffPINNs [26] and LPS [27]. The results demonstrate that LSN
consistently outperforms these methods, achieving error reductions of more than an order of magnitude. Specifically,
the error magnitude with single operator reaches 10−3, while with combined operators, it further decreases to 10−4.

The paper is structured as follows. Section 2 provides an overview of related work. Section 3 discusses the background
of PINNs and SDEs. Section 4 introduces the methodology of LSN. Section 5 presents numerical experiments to
validate the effectiveness of LSN. Finally, Section 6 draws conclusions and outlines directions for future research.
Appendix A provides additional background and the theoretical analyses of LSN.

2. Related works
Numerical equation solvers. Numerical methods have long been essential for solving partial differential equations in

various domains, including financial market modeling. Significant progress has been made in this area with models such
as the Black-Scholes equation and the Vašiček equation. Traditional approaches, including finite volume methods [7]
and B-spline interpolation methods [8, 9], have been widely applied to solve these equations [28, 16]. These grid-based
techniques rely on discretizing the spatial and temporal domains, transforming the continuous equations into discrete
problems suitable for simulation. However, these methods often come with high computational complexity, which may
limit their applicability.

Neural equation solvers. In recent years, there has been a gradual increase in applying neural networks to solve
differential equations. Two main approaches have emerged in this area. The first one, neural operator methods [29],
focuses on learning the mapping between the input and output functions of the target equations. In contrast, the
second approach, Physics-Informed Neural Networks (PINNs) [10], directly approximate the solution of the equations.
PINNs and their variants, such as sfPINNs [26] and ffPINNs [26], have gained popularity for utilizing physical laws
into the training process. Recent studies have successfully applied PINNs to solve financial equations, introducing
efficient methods like IPINNs [25], which incorporates regularization terms for slope recovery. A more recent work
by Akhound-Sadegh et al. [27] proposes to incorporate Lie symmetries into PINNs by minimizing the residual of
the determining equations of Lie symmetries. While this approach offers an interesting direction, our LSN follows a
different methodology. Specifically, their Lie point symmetry (LPS) method focuses on minimizing these symmetry
residuals, whereas our LSN realises Lie symmetries by preserving the conservation laws derived from the Lie symmetry
operators. These conservation laws are fundamental principles inherent to the system described by the differential
equations. Additionally, LPS has been validated only on the Poisson and Burgers equations in their original paper and
its effectiveness in leveraging inherent symmetries in financial markets remains unclear. In contrast, our comprehensive
comparative experiments in financial domain, specifically on the Black-Scholes equation across various parameters,
clearly demonstrate the superiority of LSN over LPS by reducing testing error by an order of magnitude.

3. Preliminaries
This section provides the essential background knowledge. We begin with an introduction to Physics-Informed

Neural Networks. We then cover stochastic differential equations and explain how the Feynman-Kac formula allows for
the transformation of a SDE into a corresponding PDE. To concretize this theoretical framework, we provide illustrative
examples including the Black-Scholes equation and the Vašiček equation. For additional terminology related to finance
and Lie symmetry, please refer to Appendix A.1.
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3.1. Physics-Informed Neural Networks (PINNs)
PINNs solve partial differential equations by directly learning the solution. The use of PINNs to solve differential

equations typically begins with generating a dataset  = (𝑥𝑛, 𝑡𝑛)𝑁𝑛=1 by randomly sampling points within the solution
domain. To understand how PINNs operate, consider the following general form of partial differential equation,

⎧

⎪

⎨

⎪

⎩

𝜕𝑢(𝑥,𝑡)
𝜕𝑡 = [𝑢] for all (𝑥, 𝑡) ∈ Ω × [0, 𝑇 ],

𝑢(𝑥, 0) = 𝜑(𝑥) for all 𝑥 ∈ Ω,
𝑢(𝑦, 𝑡) = 𝜓(𝑦, 𝑡) for all (𝑦, 𝑡) ∈ 𝜕Ω × [0, 𝑇 ],

(1)

where [𝑢] is a differential operator, Ω is a bounded domain, 𝜑(𝑥) and 𝜓(𝑦, 𝑡) are the initial and boundary conditions,
respectively, 𝑇 denotes the terminal time, and 𝑢(𝑥, 𝑡) is the function to be solved. To solve Equation (1), PINNs model 𝑢
as a neural network 𝑢̂ to approximate the exact solution by minimizing

𝑃𝐼𝑁𝑁𝑠 = 𝑃𝐷𝐸 + 𝐵𝐶 + 𝐼𝐶 , (2)

where

𝑃𝐷𝐸 =
‖

‖

‖

‖

𝜕𝑢̂(𝑥, 𝑡)
𝜕𝑡

− [𝑢̂](𝑥, 𝑡)
‖

‖

‖

‖

2

Ω×[0,𝑇 ]
, 𝐵𝐶 = ‖𝑢̂(𝑦, 𝑡) − 𝜓(𝑦, 𝑡)‖2𝜕Ω×[0,𝑇 ] , 𝐼𝐶 = ‖𝑢̂(0, 𝑥) − 𝜑(𝑥)‖2Ω . (3)

The first term 𝑃𝐷𝐸 measures the residual of the PDE, while 𝐵𝐶 and 𝐼𝐶 quantify the errors in satisfying the boundary
and initial conditions, respectively.

3.2. Stochastic Differential Equation (SDE)
SDE provide a mathematical framework for modeling systems influenced by random disturbances. To understand

the dynamics of a stochastic process 𝑋𝑡, we consider the SDE of the following general form

𝑑𝑋𝑡 = 𝜇(𝑋𝑡, 𝑡)𝑑𝑡 + 𝜎(𝑋𝑡, 𝑡)𝑑𝑊𝑡, (4)

where𝑋𝑡 represents the stochastic variable of interest and𝑊𝑡 is a standard Wiener process (as defined in Definition A.1).
The functions 𝜇(𝑋𝑡, 𝑡) and 𝜎(𝑋𝑡, 𝑡), known as the drift and diffusion coefficients, respectively, are functions that
characterise the deterministic and stochastic components of the dynamics.

Feynman-Kac formula [1]. The Feynman-Kac formula provides a critical theoretical framework to establish a
connection between certain types of PDEs and SDEs. Given a payoff function 𝑓 (𝑥, 𝑡) and defined a discounting function
𝑟(𝑥, 𝑡) to calculate the present value of future payoffs, if 𝑢(𝑥, 𝑡) is a solution to the PDE:

𝜕𝑢
𝜕𝑡

+ 𝜇(𝑥, 𝑡) 𝜕𝑢
𝜕𝑥

+ 1
2
𝜎2(𝑥, 𝑡) 𝜕

2𝑢
𝜕𝑥2

− 𝑟(𝑥, 𝑡)𝑢 = 0, (5)

with the terminal condition 𝑢(𝑥, 𝑇 ) = 𝑓 (𝑥), then the solution 𝑢(𝑥, 𝑇 ) to this PDE can be represented as:

𝐸
[

𝑒− ∫ 𝑇𝑡 𝑟(𝑋𝑠,𝑠)𝑑𝑠𝑓 (𝑋𝑇 ) ∣ 𝑋𝑡 = 𝑥
]

, (6)

where 𝑋𝑇 denotes the value of Equation (4) at time 𝑇 .
To illustrate the application of the Feynman-Kac formula, we present several canonical examples from finance.
Example 1 (Black-Scholes equation [30]). Considering a frictionless and arbitrage-free financial market comprising

a risk-free asset and a unit risky asset, the dynamics of the market can be modeled by the following SDE:

𝑑𝑥𝑡 = 𝑟𝑥𝑡𝑑𝑡 + 𝜎𝑥𝑡𝑑𝑊𝑡, (7)

where 𝑥 denotes the price of a unit risky asset, 𝑡 represent time, 𝜎 is the volatility, 𝑟 is the risk-free interest rate and 𝑊𝑡
is a standard Wiener process (refer to Definition A.1). Applying the feynman-Kac formula, the Black-Scholes equation
for evaluating the price 𝑢(𝑥, 𝑡) of a European call option (refer to Definition A.2) is derived as follows:

⎧

⎪

⎨

⎪

⎩

𝜕𝑢
𝜕𝑡 +

1
2𝜎

2𝑥2 𝜕
2𝑢
𝜕𝑥2 + 𝑟𝑥

𝜕𝑢
𝜕𝑥 − 𝑟𝑢 = 0 Ω × [0, 𝑇 ],

𝑢(𝑥, 𝑇 ) = max(𝑥 −𝐾, 0) Ω × 𝑇 ,
𝑢(0, 𝑡) = 0 𝜕Ω × [0, 𝑇 ],

(8)
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where𝐾 is the strike price, 𝑇 is the expiry time of the contract and Ω is a bounded domain. The solution to this equation
can be written as follows [25]:

𝑢(𝑥, 𝑡) = 𝑥 (𝑑1) −𝐾 exp−𝑟(𝑇−𝑡) (𝑑2), 𝑑1 =
𝑙𝑛(𝑥∕𝐾) + (𝑟 + 0.5𝜎2)(𝑇 − 𝑡)

𝜎𝑇 − 𝑡
, 𝑑2 = 𝑑1 − 𝜎

√

𝑇 − 𝑡,

where  denotes standard normal distribution.
Example 2 (Vašiček Equation [6]). In a financial market characterised by short-term lending transactions between

financial institutions, the evolution of short-term interest rates can be modeled by the following SDE:

𝑑𝑥𝑡 = 𝜆(𝛽 − 𝑥𝑡)𝑑𝑡 + 𝜎𝑑𝑊𝑡,

where 𝜆, 𝛽 > 0, 𝜎 are constants and 𝑊𝑡 is the Wiener process. Using the Feynman-Kac formula we can obtain the
Vašiček pricing equation which is used to price risk-free bonds 𝑢(𝑥, 𝑡):

⎧

⎪

⎨

⎪

⎩

𝜕𝑢
𝜕𝑡 + 𝛼

𝜕𝑢
𝜕𝑥2 + 𝜆(𝛽 − 𝑥)

𝜕𝑢
𝜕𝑥 + 𝛾𝑥𝑢 = 0 Ω × [0, 𝑇 ],

𝑢(𝑥, 𝑇 ) = 1 Ω × 𝑇 ,
𝑢(𝑥, 𝑡) = 𝜓(𝑥, 𝑡) 𝜕Ω × [0, 𝑇 ].

(9)

where 𝛼 = 1
2𝜎

2, 𝛾 = −1 and 𝜓(𝑥, 𝑡) is the boundary conditions. The zero-coupon bond price in the Vašiček pricing
model is given by [17]:

𝑢(𝑥, 𝑡) = 𝑒𝐴(𝑇−𝑡)+𝑥𝐶(𝑇−𝑡), (10)

where 𝐶(𝑡) = − 1
𝜆

(

1 − 𝑒−𝜆𝑡
)

and 𝐴(𝑡) = 4𝜆2𝛽−3𝜎2
4𝜆3 + 𝜎2−2𝜆2𝛽

2𝜆2 𝑡 + 𝜎2−𝜆2𝛽
𝜆3 𝑒−𝜆𝑡 − 𝜎2

4𝜆3 𝑒
−2𝜆𝑡.

3.3. Lie Group Analysis
Groups, which mathematically characterize symmetries, describe transformations that preserve certain invariances.

Formally, a group (𝐺, ⋅) is defined as a set𝐺 equipped with a binary operation ⋅ that satisfies the properties of associativity,
contains an identity element 𝑒 ∈ 𝐺, and ensures the existence of an inverse element 𝑔−1 for each 𝑔 ∈ 𝐺 [31]. When
groups are also differentiable manifolds, they are referred to as Lie groups, which are crucial in analyzing continuous
symmetries [32]. Lie group analysis provides a powerful tool for studying symmetry, conservation laws, and dynamic
systems of equations [12, 13]. The goal of Lie group analysis is to identify the symmetries of an equation, especially
those transformations under Lie group actions that leave the equation invariant. Revealing these symmetries can lead to
deriving conservation laws [11], simplifying the solution process, and reducing computational complexity [16, 17].

4. Lie Symmetry Net
In this section, we introduce Lie symmetry net (LSN). In Section 4.1, we briefly derive the corresponding conservation

law from the Lie symmetry operators of the target equations, which in turn lead to the Lie symmetry risk of LSN. In
Section 4.2, we discuss the structure risk minimization of LSN based on the Lie symmetry risk.

4.1. Lie symmetry in equations
This subsection presents the Lie symmetry operators for the Black-Scholes equation and Vašiček equation, and

derive the corresponding conservation laws, which allows us to define the associated Lie symmetry risk.
Lie symmetry operator. Lie symmetry operator is a major mathematical tool for characterizing the symmetry in

PDEs (see Definition A.3) [12]. Below are the Lie symmetry operators for the Black-Scholes and Vašiček equations.
Black-Scholes equation. The Lie symmetry operators [13, 11] of BS Equation (8) are given by the vector field

𝐺𝜙 =𝜙(𝑡, 𝑥) 𝜕
𝜕𝑢
, 𝐺1 =

𝜕
𝜕𝑡
, 𝐺2 = 𝑥 𝜕

𝜕𝑥
,𝐺3 = 𝑢 𝜕

𝜕𝑢
,

𝐺4 =2𝑡 𝜕
𝜕𝑡

+ (ln 𝑥 +𝑍𝑡)𝑥 𝜕
𝜕𝑥

+ 2𝑟𝑡𝑢 𝜕
𝜕𝑢
, 𝐺5 = 𝜎2𝑡𝑥 𝜕

𝜕𝑥
+ (ln 𝑥 −𝑍𝑡)𝑢 𝜕

𝜕𝑢
,

𝐺6 =2𝜎2𝑡2 𝜕
𝜕𝑡

+ 2𝜎2𝑡𝑥 ln 𝑥 𝜕
𝜕𝑥

+
(

(ln 𝑥 −𝑍𝑡)2 +2𝜎2𝑟𝑡2 − 𝜎2𝑡
)

𝑢 𝜕
𝜕𝑢
,

(11)
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Figure 1: Schematic Diagram of Lie Symmetry Network Architecture. Left: The incorporation of a Lie symmetry block
into a PINN architecture. Right: The hypothesis space of PINN, denoted as 𝑢̂𝑃𝐼𝑁𝑁 (blue circle), is a subset of the broader
neural network solution space ( gray circle). 𝑢∗ represents the exact solution. The yellow circle signifies the hypothesis space
that satisfies symmetry conditions. The incorporation of Lie symmetry blocks produces our solution 𝑢̂𝑜𝑢𝑟𝑠. In simpler terms,
being closer to the space where the exact solution exists leads to fewer errors. The non-intersection between "𝑢̂𝑃𝐼𝑁𝑁" and
"𝑢̂𝑂𝑢𝑟𝑠" in the figure is a specific case provided to enhance clarity in our exposition.

where 𝑍 = 𝑟− 𝜎2∕2, 𝜙(𝑡, 𝑥) is an arbitrary solution to Equation (8) without any boundary condition or initial condition.
The first symmetry 𝐺𝜙 is an infinite-dimensional symmetry, arising as a consequence of linearity. These Lie symmetry
operators span an infinite-dimensional Lie group vector space [11].

Vašiček equation. The Lie symmetry operators [17] of Vašiček Equation (9) are given by the vector field

𝐺𝜙 =𝜙(𝑡, 𝑥) 𝜕
𝜕𝑢
, 𝐺1 =

𝜕
𝜕𝑡
,

𝐺2 = 𝑒2𝜆𝑡
𝜕
𝜕𝑡

+ 𝑒2𝜆𝑡

𝜆
(

𝜆2𝑥 − 2𝛼𝛾 − 𝛽𝜆2
) 𝜕
𝜕𝑥

+ 𝑢𝑒2𝜆𝑡

𝛼𝜆2
(

𝛼2𝛾2 + 2𝛼𝛽𝛾𝜆2 − 𝛼𝜆3 − 3𝛼𝛾𝜆2𝑥 + 𝜆4(𝛽 − 𝑥)2
) 𝜕
𝜕𝑢
,

𝐺3 = 𝑒−2𝜆𝑡
[

− 𝜕
𝜕𝑡

+ 1
𝜆
(

𝜆2(𝑥 − 𝛽) − 2𝛼𝛾
) 𝜕
𝜕𝑥

+
𝛾𝑢
𝜆2

(

𝜆2𝑥 − 𝛼𝛾
) 𝜕
𝜕𝑢

]

,

𝐺4 =𝑒𝜆𝑡
[ 𝜕
𝜕𝑥

+ 𝑢
𝛼𝜆

(

−𝛼𝛾 − 𝛽𝜆2 + 𝜆2𝑥
) 𝜕
𝜕𝑢

]

, 𝐺5 = 𝑒−𝜆𝑡
[ 𝜕
𝜕𝑥

+
𝛾𝑢
𝜆
𝜕
𝜕𝑢

]

, 𝐺6 = 𝑢 𝜕
𝜕𝑢
.

(12)

These Lie symmetry operators not only provide a deeper insight into the structure of the PDEs but also form the
foundation for deriving conservation laws associated with these equations.

Conservation law. Similar to many symmetries in physics, the Lie symmetry can be transformed to conservation
laws [11, 17, 20, 21]. In this paper, we interpret the Lie symmetry point operators as the following conservation laws:
regardless of how the space 𝑥, time 𝑡, and exact solution 𝑢 vary, the conservation vector (𝑇 𝑡, 𝑇 𝑥) corresponding to the
Lie point symmetry remains zero, i.e.,

𝐷𝑡𝑇
𝑡(𝑢, 𝑥, 𝑡) +𝐷𝑥𝑇

𝑥(𝑢, 𝑥, 𝑡) = 0, (13)

where the 𝐷⋅ represents the partial derivative with respect to time 𝑡 or space 𝑥, and (𝑇 𝑡, 𝑇 𝑥) represents the conservation
vector subject to the symmetry condition (i.e., Lie point symmetry operator) 𝐺, such that the action of 𝐺 on the
conservation vector satisfies 𝐺(𝑇 𝑡, 𝑇 𝑥) = 0 [11]. It is worth noting that this Lie symmetry risk depends on the specific
conservation law. Next, we present the conserved quantities for the BS and the Vašiček equation as examples.

Black-Scholes equation. We can derive the conservation law of the operator 𝐺2 (see Equation (11)) of BS equation
as follows [11]:

⎧

⎪

⎨

⎪

⎩

𝑇 𝑡2(𝑢, 𝑥, 𝑡) = − 𝜕𝑢
𝜕𝑥
𝑙(𝑡) + 𝒜

𝑥
+ 2ℬ𝑢
𝜎2𝑥

e−𝑟𝑡,

𝑇 𝑥2 (𝑢, 𝑥, 𝑡) =
𝜕𝑢
𝜕𝑡
𝑙(𝑡) + 𝑢

𝜕𝑙(𝑡)
𝜕𝑡

+ 𝑔(𝑡) −ℬ𝑢e−𝑟𝑡 +ℬ
(

𝜕𝑢
𝜕𝑥

+ 2𝑟𝑢
𝜎2𝑥

)

𝑥e−𝑟𝑡,
(14)
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where 𝒜 and ℬ are arbitrary constants, and 𝑙(𝑡) and 𝑔(𝑡) are arbitrary functions with respect to 𝑡. Unless stated otherwise,
consider 𝒜 = ℬ = 1, 𝑙(𝑡) = 𝑡, and 𝑔(𝑡) = 𝑡2.

Vašiček equation. To ascertain the Lie conservation law operators for the Vašiček Equation (9), it is necessary to
analyze its adjoint equation, as follows

𝜕𝜈
𝜕𝑡

− 𝛼 𝜕𝜈
𝜕𝑥2

− 𝜆(𝑥 − 𝛽) 𝜕𝜈
𝜕𝑥

− (𝜆 + 𝛾𝑥)𝜈 = 0. (15)

where 𝜈 ≠ 0 is a new dependent variable 𝜈 = 𝑒𝑝𝑡+𝑞𝑥 with 𝑝 = 𝛼𝑞2 − 𝜆𝛽𝑞 + 𝜆 and 𝑞 = − 𝛾
𝜆 (Here, only one example

is presented for illustration purposes, although there exist numerous solutions to this set of adjoint equation). For
illustrative purposes, we choose the relatively simple operator 𝐺5 and 𝐺6 as examples of the Vašiček Equation (12) and
provide the corresponding conserved quantities [17]:

⎧

⎪

⎨

⎪

⎩

𝑇 𝑡5(𝑢, 𝑥, 𝑡) =
1
𝛾𝜆
𝑒−𝜆𝑡𝜈

(

𝜆 𝜕𝑢
𝜕𝑥

− 𝛾𝑢
)

,

𝑇 𝑥5 (𝑢, 𝑥, 𝑡) =
1
𝛾𝜆
𝑒−𝜆𝑡

{

𝛾𝑢
(

𝛼 𝜕𝜈
𝜕𝑥

− 𝛽𝜆𝜈
)

− 𝛼 𝜕𝑢
𝜕𝑥

(

𝛾𝜈 + 𝜆𝜕𝜈
𝜕𝑥

)

− 𝜆𝜕𝑢
𝜕𝑡
𝜈
}

;

⎧

⎪

⎨

⎪

⎩

𝑇 𝑡6(𝑢, 𝑥, 𝑡) =𝑢𝜈,

𝑇 𝑥6 (𝑢, 𝑥, 𝑡) =𝛼
𝜕𝑢
𝜕𝑥
𝜈 − 𝑢

{

𝜆(𝑥 − 𝛽)𝜈 + 𝛼 𝜕𝜈
𝜕𝑥

}

.

We can then define the Lie conservation residual 𝐿𝑖𝑒 according to Equation (13) to evaluate the extent to which
the Lie symmetry is realised at a specific point in the data space.

Definition 4.1 (Lie conservation residual). Combining the Lie symmetry operator and the conservation law, we define
the Lie conservation residual of 𝑢̂ as follows:

𝐿𝑖𝑒[𝑢̂] = 𝐷𝑡𝑇
𝑡(𝑢̂) +𝐷𝑥𝑇

𝑥(𝑢̂), (16)

where the 𝐷⋅ represents the partial derivative with respect to 𝑡 or 𝑥, and (𝑇 𝑡, 𝑇 𝑥) represents the conservation vector
subject to the symmetry condition 𝐺.

We can aggregate the Lie symmetry residuals over the entire data space to obtain the Lie symmetry risk, which
characterises the degree to which the Lie symmetry is realised from a global perspective.

Definition 4.2 (Lie symmetry risk). According to the expression in Equation (16), the definition of Lie symmetry risk
is provided as follows:

𝐿𝑖𝑒[𝑢̂𝜃] (𝑥, 𝑡) = ∫Ω×[0,𝑇 ]
|

|

𝐿𝑖𝑒[𝑢̂𝜃] (𝑥, 𝑡)||
2 𝑑𝑥𝑑𝑡,

where 𝑢̂𝜃 denotes the network output, and 𝜃 denotes the network parameters.

Remark 4.3. The Lie symmetry risk 𝐿𝑖𝑒 focuses solely on learning the symmetry of the problem without taking into
account the underlying physical laws of the problem.

This Lie symmetry risk is defined over the data distribution, which is unknown in practice. We thus resort to defining
the Empirical Lie symmetry risk ̂𝐿𝑖𝑒 as an approximation of the Lie symmetry risk 𝐿𝑖𝑒,

Definition 4.4 (Empirical Lie symmetry risk). Summing up the Lie symmetry operators at 𝑁𝑖 discrete points provides
an approximation to the Lie symmetry risk.

̂𝐿𝑖𝑒(𝜃,) ∶=
1
𝑁𝑖

𝑁𝑖
∑

𝑛=1

|

|

𝐿𝑖𝑒[𝑢̂𝜃](𝑥𝑛𝑖 , 𝑡
𝑛
𝑖 )||

2 , (17)

where  =
{

(𝑥𝑛𝑖 , 𝑡
𝑛
𝑖 )
}𝑁𝑖
𝑛=1 represents the set of these 𝑁𝑖 discrete points.
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4.2. Structure Risk Minimisation
In this subsection, we present the structure risk minimization of LSN based on the Lie symmetry risk. For simplicity,

we rewrite the above Black-Scholes Equation (8) and the Vašiček Equation (9) as the Equation (1) (detail reference
Appendix A.2), where

[𝑢] ∶= 1
2
𝜎(𝑥)2

𝜕2𝑢(𝑥, 𝑡)
𝜕𝑥2

+ 𝜇(𝑥)
𝜕𝑢(𝑥, 𝑡)
𝜕𝑥

+ 𝜐(𝑥)𝑢(𝑥, 𝑡),

is a differential operator with respect to three bounded affine functions 𝜎(𝑥), 𝜇(𝑥) and 𝜐(𝑥) (for BS equation: 𝜎(𝑥) = 𝜎𝑥,
𝜇(𝑥) = 𝑟𝑥, 𝜐(𝑥) = −𝑟 and 𝜑(𝑥) = 𝑚𝑎𝑥(𝑥 − 𝐾, 0); for Vašiček equation 𝜎(𝑥) =

√

2𝛼 = 𝜎, 𝜇(𝑥) = 𝜆(𝛽 − 𝑥) = −𝑥,
𝜐(𝑥) = 𝛾𝑥 and 𝜑(𝑥) = 1).

Data fitting residuals. The following functions 𝑗 (𝑗 = {𝑖, 𝑠, 𝑡}) characterise how well the LSN is fitting the
sampled data according to Equation (1), for ∀𝑢̂ ∈ 𝐶2(ℝ𝑑)

𝑖[𝑢̂](𝑥, 𝑡) =
𝜕𝑢̂(𝑥,𝑡)
𝜕𝑡 − [𝑢̂](𝑥, 𝑡) (𝑥, 𝑡) ∈ Ω × [0, 𝑇 ],

𝑠[𝑢̂](𝑦, 𝑡) = 𝑢̂(𝑦, 𝑡) − 𝜓(𝑦, 𝑡) (𝑦, 𝑡) ∈ 𝜕Ω × [0, 𝑇 ],
𝑡[𝑢̂](𝑥) = 𝑢̂(0, 𝑥) − 𝜑(𝑥) 𝑥 ∈ Ω.

(18)

We then define the population risk 1 for fitting the sampled data, based on the aforementioned “residuals” as below,

1[𝑢̂𝜃] (𝑥, 𝑡) = 𝑃𝐷𝐸[𝑢̂𝜃] (𝑥, 𝑡) + 𝐵𝐶 [𝑢̂𝜃] (𝑥, 𝑡) + 𝐼𝐶 [𝑢̂𝜃] (𝑥, 𝑡) , (19)

where

𝑃𝐷𝐸[𝑢̂𝜃] (𝑥, 𝑡) = ∫Ω×[0,𝑇 ]
|

|

𝑖[𝑢̂𝜃](𝑥, 𝑡)||
2 𝑑𝑥𝑑𝑡,

𝐵𝐶 [𝑢̂𝜃] (𝑥, 𝑡) = ∫𝜕Ω×[0,𝑇 ]
|

|

𝑠[𝑢̂𝜃] (𝑥, 𝑡)||
2 𝑑𝑥𝑑𝑡,

𝐼𝐶 [𝑢̂𝜃] (𝑥, 0) = ∫Ω
|

|

𝑡[𝑢̂𝜃] (𝑥)||
2 𝑑𝑥.

Similarly, this population risk is defined over the data distribution, which is unknown in practice. We thus resort to
defining the empirical loss function ̂1 to approximate the population risk as follows,

̂1[𝑢̂𝜃] (𝑥, 𝑡) = ̂𝑃𝐷𝐸[𝑢̂𝜃] (𝑥, 𝑡) + ̂𝐵𝐶 [𝑢̂𝜃] (𝑥, 𝑡) + ̂𝐼𝐶 [𝑢̂𝜃] (𝑥, 𝑡) ,

where

̂𝑃𝐷𝐸(𝜃,) ∶=
1
𝑁𝑖

𝑁𝑖
∑

𝑛=1

|

|

𝑖[𝑢̂𝜃](𝑥𝑛𝑖 , 𝑡
𝑛
𝑖 )||

2 ,

̂𝐵𝐶 (𝜃,) ∶=
1
𝑁𝑠

𝑁𝑠
∑

𝑛=1

|

|

|

𝑠[𝑢̂𝜃]
(

𝑥𝑛𝑠 , 𝑡
𝑛
𝑠
)

|

|

|

2
,

̂𝐼𝐶 (𝜃,) ∶=
1
𝑁𝑡

𝑁𝑡
∑

𝑛=1

|

|

|

𝑡[𝑢̂𝜃]
(

𝑥𝑛𝑡
)

|

|

|

2
.

(20)

Here  =
{

{

(𝑥𝑛𝑖 , 𝑡
𝑛
𝑖 )
}𝑁𝑖
𝑛 ,

{

(𝑥𝑛𝑠 , 𝑡
𝑛
𝑠)
}𝑁𝑠
𝑛 ,

{

𝑥𝑛𝑡
}𝑁𝑡
𝑛

}

is the dataset by Gaussian sampling within the domain Ω × [0, 𝑇 ].

Remark 4.5. 1 essentially corresponds to the Physics-Informed Neural Networks (PINNs) (please refer to Section 3),
which accurately estimates the majority of the training data based on the inherent physical laws of the problem. However,
it does not explicitly consider the symmetry within.

Structural risk of LSN. Eventually, we may define the structure risk (𝜃) of LSN as follows.
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Definition 4.6 (Structure risk of LSN). The structure risk of LSN is defined as follows

(𝜃) ∶=𝜆1𝑃𝐷𝐸[𝑢̂𝜃](𝑥, 𝑡) + 𝜆2𝐵𝐶 [𝑢̂𝜃](𝑥, 𝑡) + 𝜆3𝐼𝐶 [𝑢̂𝜃](𝑥, 0) + 𝜆4𝐿𝑖𝑒[𝑢̂𝜃](𝑥, 𝑡)
=𝜆1[𝑢̂𝜃](𝑥, 𝑡) + 𝜆42[𝑢̂𝜃](𝑥, 𝑡).

(21)

Here, 𝜆1 ∶= 𝜆1𝑃𝐷𝐸 + 𝜆2𝐵𝐶 + 𝜆3𝐼𝐶 is defined as in Equation (19), 2 ∶= 𝐿𝑖𝑒 in Definition 4.2, and 𝜆𝑖
(𝑖 = 1,⋯ , 4) are the hyperparameters.

Remark 4.7. The structural loss of LSN synergistically integrates 1 and 2, aiming to learn both the inherent physical
laws of the problem and its symmetry, ensuring a comprehensive understanding within the framework of the problem.

Correspondingly, we provide an empirical approximation of the structural risk of LSN as follows.

Definition 4.8 (Empirical risk of LSN). The empirical loss of LSN is defined as follows

̂(𝜃,) ∶=𝜆1̂𝑃𝐷𝐸(𝜃,𝑖) + 𝜆2̂𝐵𝐶 (𝜃,𝑠) + 𝜆3̂𝐼𝐶 (𝜃,𝑡) + 𝜆4̂𝐿𝑖𝑒(𝜃,𝑖), (22)

where  =
{

𝑖
{

(𝑥𝑛𝑖 , 𝑡
𝑛
𝑖 )
}𝑁𝑖
𝑛 ,𝑠

{

(𝑥𝑛𝑠 , 𝑡
𝑛
𝑠)
}𝑁𝑠
𝑛 , 𝑡

{

𝑥𝑛𝑡
}𝑁𝑡
𝑛

}

are the training data sets.

We train LSN by solving the following minimisation problem,

𝜃∗ =argmin
𝜃
𝜆1̂𝑃𝐷𝐸(𝜃,𝑖) + 𝜆2̂𝐵𝐶 (𝜃,𝑠) + 𝜆3̂𝐼𝐶 (𝜃,𝑡) + 𝜆4̂𝐿𝑖𝑒(𝜃,𝑖),

and the minimum 𝑢̂𝜃∗ corresponds to the well-trained LSN.

5. Experiments
In this section, we conduct three main experiments. In Section 5.1, we perform an ablation study on LSN, comparing

it to PINNs [10] under different equation parameters and using large-scale data to show LSN’s performance improvement
over the baseline. In Section 5.2, we evaluate LSN against baseline algorithms like IPINNs [25], sfPINNs [26], ffPINNs
[26], and LPS [27], validating LSN’s superior performance. In Section 5.3, we validate the general applicability of LSN
by extending it to the Vašiček model and showing the adaptability of different Lie symmetry operators. We start by
providing a brief introduction to the parameter settings for all experiments, with specific parameters for each experiment
detailed in their respective sections.

Data. The small-scale experiments employ a training set 50 internally scattered points and 2000 points randomly
placed at the boundaries, while the test set consists of 2,500 (or 200) uniformly sampled points. The large-scale
experiments employ a training set of 2000 internally scattered points and 8000 points randomly placed at the boundaries,
while the test set consists of 2,500 (or 200) uniformly sampled points.

Neural architecture and optimiser. The LSN network employs a fully connected architecture, consisting of 9 layers
with each layer having a width of 50 neurons. The tanh function is used as the activation function. For optimization, we
choose Adam with an initial learning rate of 0.001 and a learning rate decay factor Γ.

Equation parameters. For the parameters of the Black-Scholes equation, we set them to 𝐾 = 10, 𝑥 ∈ [0, 20], and
𝑡 ∈ [0, 1], following the conventions established in existing literature [33]. For the parameters of the Vašiček Equation ,
we set them to 𝑥 ∈ [0, 1], 𝑡 ∈ [0, 1], 𝜆 = 0.7, 𝛽 = 0.08, 𝛾 = −1, 𝜎 = 0.03 and 𝛼 = 1

2𝜎
2.

Evaluation. The evaluation metrics include relative test error (see Definition A.4) and conservation error ̂𝐿𝑖𝑒.

5.1. Comparison with PINNs
Experimental design. We conduct comparative experiments between LSN and baseline PINNs under the following

four sets of hyperparameter setups.
For the first configuration, we chose 𝑟 = 0.1, 𝜎 = 0.05, a learning rate decay rate Γ = 0.99, and 𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 = 50, 000,

the weight for LSN’s loss function was set as 𝜆1 = 0.001, 𝜆2 = 1 − 𝜆1 = 0.999, 𝜆3 = 0.001 and 𝜆4 = 0.001, while for
PINNs, the weight was set as 𝜆1 = 0.001, 𝜆2 = 0.999 and 𝜆3 = 0.001. For the second configuration, we select 𝑟 = 0.1,
𝜎 = 0.2, a learning rate decay rate of Γ = 0.95, and 𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 = 90, 000. The weights for the loss functions remains
the same as the first configuration. For the third setting, the experimental parameter settings for the small dataset under
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Table 1
Experimental Parameter Configuration. Values in parentheses represent weights for the enlarged dataset, while values not in
parentheses represent weights for the small dataset.

RFR
(r)

volatility
(𝜎)

weight learning rate (𝑙𝑟) iteration
𝜆1 𝜆2 𝜆3 𝜆4

0.1 0.4 0.001(0.001) 1(1) 0.1(0.1) 1(0.1) 0.001 200,000
0.1 0.5 0.0001(0.0001) 1(1) 0.1(0.1) 1(1) 0.001 200,000
0.11 0.4 0.001(0.001) 1(1) 0.1(0.1) 10(0.1) 0.001 200,000
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Figure 2: Visual representations of numerical solutions obtained using LSN and PINNs, along with absolute errors compared
to the exact solution. The configuration of parameters is as follows: (1) 𝑟 = 0.1, 𝜎 = 0.05, Γ = 0.99, and 𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 = 50, 000
(the left two column); (2) 𝑟 = 0.1, 𝜎 = 0.2, Γ = 0.95, and 𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠 = 90, 000 (the right column).

other parameters are given in the Table 1. Regarding the fourth setting, the experimental parameter settings for the
enlarged dataset are provided in the Table 1, with values in parentheses.

We visualize the numerical solutions obtained on the test set using these two sets of hyperparameters in Figure 2. In
identical experimental configurations, LSN outperforms PINNs, achieving a point-wise error magnitude of 10−2 in
contrast to 10−1 observed with PINNs.

The error curves for LSN and PINNs with respect to the number of training steps for the third set of parameters
are presented in Figure 3. It can be observed from Figure 3 that the conservation error of PINNs is of the order 10−1,
whereas LSN can achieve an error on the magnitude 10−4. Furthermore, the relative error of LSN also consistently
remains lower than that of PINNs.

In the fourth set of experiments, we increase the number of data points to 10k. It can be observed from Figure 4
that increasing the number of data points improves the accuracy of both PINNs and LSN. Notably, the parameters
𝑟 = 0.11, 𝜎 = 0.4, the test error magnitude of PINNs and reaches 10−3 and 10−3, respectively.

To provide a more intuitive demonstration of the superiority of LSN, we consider the test accuracy of the method
under different equation parameters, as shown in Table 2. Compared with vanilla PINNs, LSN can reduce the relative
test error by up to 7 times, with an average improvement of 2-4 times.

5.2. Comparison with state-of-the-art methods
We conduct comparative experiments between LSN and several state-of-the-art methods including IPINNs [25],

sfPINNs [26], ffPINNs [26] and LPS [27], under different equation parameter setups (i.e., different risk-free rate and
volatility), following Shinde and Takale [34], Ankudinova and Ehrhardt [35], Bai et al. [25].

Experimental design. All methods share the following hyperparameter setup, i.e., learning rate 𝑙𝑟 = 0.001 and
learning rate decay rate Γ = 0.95. The training steps is set as 80,000 and 200,000, depending on the speed of convergence.
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Table 2
Comparisons of relative test error of LSN and PINNs after 80,000 training iterations. Here Γ represents the rate of learning
rate decay, while "Factor" represents the ratio of the test error of PINNs to that of LSN.

RFR
(r)

Volatility
(𝜎)

Relative test error Factor
PINNs LSN

0.1(Γ = 0.99) 0.05 3.1 × 10−3 4.5 × 10−4 6.9
0.1(Γ = 0.95) 0.05 1.1 × 10−3 5.4 × 10−4 2.0
0.1(Γ = 0.95) 0.2 5.5 × 10−3 1.6 × 10−3 3.4
0.1(Γ = 0.95) 0.4 3.5 × 10−3 1.3 × 10−3 2.6
0.1(Γ = 0.95) 0.5 8.0 × 10−3 2.4 × 10−3 3.3
0.11(Γ = 0.95) 0.4 5.0 × 10−3 1.1 × 10−3 4.4
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Figure 3: Log-log relative test error curves of PINNs and LSN under the third parameters configuration.
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Figure 4: Log-log relative test error curves of PINNs and LSN under the third parameters configuration.
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Figure 5: Log-log relative test error curves and function approximation results of LSN, PINNs, and PINNs variants. The
error curves are shown in the first and third rows, while the function approximation results at 𝑡 = 0.30 are presented in the
second and fourth rows.
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Figure 6: Log-log relative test error curves of PINNs, LSN and LPS under the fourth parameters configuration.

Figure 5 provides Log-log relative test error curves and function approximation results of LSN, PINNs, and PINNs
variants. The results demonstrate that the relative error of LSN consistently remains below those of vanilla PINNs and
their variants across different experimental settings. Both sfPINNs and ffPINNs exhibit unsatisfactory performance
under certain parameters, occasionally performing even worse than vanilla PINNs. This underperformance may be
attributed to the fact that sfPINNs and ffPINNs are more suited to scenarios with sinusoidal-form solutions, thereby
failing to effectively approximate the complex solution of the Black-Scholes equation [26].

We conduct comparative experiments among LSN, LPS, and PINNs using the same weights, as shown in Figure 6.
Specifically, LSN and LPS share the same weights 𝜆𝑖 for 𝑖 = 1,… , 4, while PINNs share the same weights 𝜆𝑖 for
𝑖 = 1,… , 3 as LSN and LPS but with 𝜆4 = 0. The experiments demonstrate that LSN outperforms both PINNs and
LPS. Additionally, LPS exhibits overall superior performance compared to PINNs when early stopping is employed.

For a more fine-grained comparison between LPS and LSN, we further finetune the weights 𝑙𝑖 (𝑖 = 1,… , 4) of
the loss function of LPS under different configurations. Notably, 𝑙𝑖 (𝑖 = 1,… , 3) in LPS serve the same purpose as 𝜆𝑖
(𝑖 = 1,… , 3) in LSN, while 𝑙4 in LPS determines the weight of the symmetry residuals, and 𝜆4 in LSN determines the
weight of the residuals of the conservation laws corresponding to the Lie symmetry operators. To illustrate the specific
process of weight tuning for LPS, consider the example with 𝑟 = 0.1 and 𝜎 = 0.4, as shown in Figure 7. We start by
fixing all weights to 1 and then traverse 𝑙1 values from [10, 1, 0.1, 0.01, 0.001, 0.0001] in descending order, selecting
the best value of 𝑙1 = 1. Similarly, we traverse 𝑙2 values and find that 𝑙2 performs well in the range of 0.1 to 10. We then
further subdivide this range into [10, 4, 2, 1, 0.5, 0.25, 0.1] for experimentation and select the best value for 𝑙2, which is
fixed thereafter. This process is repeated for finetuning other parameters of LPS.
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Figure 7: Log-log relative test error curves of PINNs and LPS.
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Figure 8: Log-log Error Curves Over Training Steps: PINNs vs. LSN vs. LPS. After individually tuning the weights for LPS,
the performance of LSN is evaluated on the testing dataset using two metrics.

Figure 9: Log-log relative test error curves of PINNs solving the Vašiček equation. Here LSN𝐺𝑖, 𝑖 = 5, 6 represents LSN with
a single Lie symmetry operator, respectively, while "LSN𝐺5+𝐺6

" represents LSN with the combination of two operators.

After finetuning the weights of the loss function of LPS, and using the previously set weights for LSN and PINNs,
we validate the performance of LSN, PINNs, and the finetuned LPS model. The results, as shown in Figure 8, show that
after extensive weight tuning, LPS can achieve a lower relative test error than PINNs with early stopping but is still
outperformed by LSN in terms of both relative test error and conservation law error.
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5.3. Experiments with different operator combinations
To demonstrate the general applicability of LSN, we apply LSN to solve the Vašiček equation and under a single

and multiple operator combinations.
Experimental design. In this experiment, the parameters of the Vašiček Model are set as follows: 𝛼 = 0.03,

𝛽 = 0.08, 𝛾 = −1, 𝜎 = 0.03, Ω = 1 and 𝑇 = 1. The dataset comprises 500 internal points and 200 boundary points.
The neural network architecture is designed with a depth of 2 layers and a width of 10 neurons. The training iteration is
100, 000, with a learning rate of 𝑙𝑟 = 0.001 and a learning rate decay factor of Γ = 0.95.

As shown in Figure 9, we extend LSN to the Vašiček equation, demonstrating its general applicability to different
problems. We observe that although the use of a single operator alone yields significant improvements over PINNs, the
performance enhancement achieved through combined operators is even more substantial. This indicates the flexibility
of our method: we can effectively employ both single operators and multiple operator combinations.

6. Conclusion
This paper proposes a Lie symmetry net (LSN) to solve differential equations for modeling financial market

dynamics by exploiting the intrinsic symmetry in the data. The Lie symmetry of these equations is interpreted as several
conservation laws. A Lie symmetry residual is defined to measure how well these conservation laws are realised at
specific points in the data space, which is then integrated over the entire data space to form a Lie symmetry risk. This
risk helps create a structural risk that incorporates a "data fitting" risk. Our LSN is optimized under the structural
risk minimization framework. Extensive experiments demonstrate the effectiveness and scalability of our algorithm,
showing that the test error is reduced by over an order of magnitude.

Broader Impacts and Future Work
This paper aims to develop AI-driven, symmetry-aware DE simulators to model financial market dynamics, which

may also contribute to scientific discovery and engineering. This paper also pioneers the realization of Lie symmetries
by maintaining the corresponding conservation laws, presenting a universal, off-the-shelf solution that is not limited to
PINNs or the Black-Scholes equation, but can be extended to a wide range of backbones and differential equations. For
future work, we will consider the incorporation of symmetries into network architecture.
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A. Appendix
The Appendix is divided into three parts: 1) Appendix A.1 provides the necessary definitions and lemmas, 2)

Appendix A.2 includes the general form of the PDE, and 3) Appendix A.3 presents the theoretical analysis of LSN,
including its approximation and generalization properties.

A.1. Definitions and Technical Lemmas
In this section, we will present the definitions and lemmas required for our subsequent discussions.

Definition A.1 (Wiener process). The Wiener process (also known as Brownian motion) is a continuous-time stochastic
process commonly used to model random walks. The standard definition of a Wiener process includes several key
features:

1. Starting Point: The process starts at 𝑊0 = 0, indicating that its initial position is zero.

2. Independent Increments: For all 0 ≤ 𝑠 < 𝑡, the increments 𝑊𝑡 −𝑊𝑠 are mutually independent. This implies that
the process is memory-less, and its future behavior is not influenced by its past.

3. Stationary Increments: For all 0 ≤ 𝑠 < 𝑡, the distribution of the increment 𝑊𝑡 − 𝑊𝑠 depends only on the
time difference 𝑡 − 𝑠, and is independent of the specific values of 𝑠 and 𝑡. Mathematically, this is expressed as
𝑊𝑡 −𝑊𝑠 ∼  (0, 𝑡 − 𝑠), where  (0, 𝑡 − 𝑠) denotes a normal distribution with mean 0 and variance 𝑡 − 𝑠.

4. Continuous Paths: The paths of the Wiener process are almost surely continuous. This means that the function
𝑡↦ 𝑊𝑡 is continuous with probability 1 .

Definition A.2 (European call options). European call options are financial derivatives granting the holder the right,
without obligation, to purchase the underlying asset at a predetermined price upon expiration.

Definition A.3 (Lie symmetry [13]). Consider second-order evolutionary PDEs:

𝑢𝑡 − 𝐹 (𝑡, 𝑥, 𝑢, 𝑢(1), 𝑢(2) = 0, (23)

where 𝑢 is a function of independent variables 𝑡 and 𝑥 = (𝑥1,⋯ , 𝑥𝑛), and 𝑢(1), 𝑢(2) represent the sets of its first and
second-order partial derivatives: 𝑢(1) = (𝑢𝑥1 ,⋯ , 𝑢𝑥𝑛 ), 𝑢(2) = (𝑢𝑥1𝑥1 , 𝑢𝑥1𝑥2 ,⋯ , 𝑢𝑥𝑛𝑥𝑛 ). Transformations of the variables 𝑡,
𝑥, 𝑢 are given by:

𝑡 = 𝑓 (𝑡, 𝑥, 𝑢, 𝑎), 𝑥̄𝑖 = 𝑔𝑖(𝑡, 𝑥, 𝑢, 𝑎), 𝑢̄ = ℎ(𝑡, 𝑥, 𝑢, 𝑎), 𝑖 = 1,… , 𝑛, (24)

where these transformations depend on a continuous parameter 𝑎. These are defined as symmetry transformations of
Equation (23) if the equation retains its form in the new variables 𝑡, 𝑥̄, 𝑢̄. The collection 𝐺 of all such transformations
forms a continuous group, meaning 𝐺 includes the identity transformation:

𝑡 = 𝑡, 𝑥̄𝑖 = 𝑥𝑖, 𝑢̄ = 𝑢,

the inverse of any transformation in 𝐺, and the composition of any two transformations in 𝐺. This symmetry group 𝐺 is
also known as the group admitted by Equation (23). According to the Lie group theory, constructing the symmetry
group 𝐺 is equivalent to determining its infinitesimal transformations:

𝑡 ≈ 𝑡 + 𝑎𝜉0(𝑡, 𝑥, 𝑢), 𝑥̄𝑖 ≈ 𝑥𝑖 + 𝑎𝜉𝑖(𝑡, 𝑥, 𝑢), 𝑢̄ ≈ 𝑢 + 𝑎𝜂(𝑡, 𝑥, 𝑢). (25)

For convenience, the infinitesimal transformation Equation (25) can be represented by the operator:

𝑋 = 𝜉0(𝑡, 𝑥, 𝑢) 𝜕
𝜕𝑡

+ 𝜉𝑖(𝑡, 𝑥, 𝑢) 𝜕
𝜕𝑥𝑖

+ 𝜂(𝑡, 𝑥, 𝑢) 𝜕
𝜕𝑢
.

Definition A.4 (Relative test error). The relative test error between an approximate solution 𝑢̂() and an exact solution
𝑢∗() on test data  is defined as follows:

Relative test error =
‖

‖

‖

‖

𝑢̂() − 𝑢∗()
𝑢∗()

‖

‖

‖

‖

.
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Lemma A.5 (Itô’s lemma [36]). The general form of Itô’s Lemma for a function 𝑓
(

𝑡, 𝑋𝑡
)

of time 𝑡 and a stochastic
process 𝑋𝑡 satisfying a stochastic differential equation is given by

𝑑𝑓
(

𝑡, 𝑋𝑡
)

=
(

𝜕𝑓
𝜕𝑡

+ 𝜇
𝜕𝑓
𝜕𝑥

+ 1
2
𝜎2
𝜕2𝑓
𝜕𝑥2

)

𝑑𝑡 + 𝜎
𝜕𝑓
𝜕𝑥
𝑑𝑊𝑡.

Here 𝑡 represents time, 𝑋𝑡 is a stochastic process satisfying a stochastic differential equation 𝑑𝑋𝑡 = 𝜇𝑑𝑡+ 𝜎𝑑𝑊𝑡,
𝑓
(

𝑡, 𝑋𝑡
)

is the function of interest. 𝜕𝑓𝜕𝑡 ,
𝜕𝑓
𝜕𝑥 , and 𝜕2𝑓

𝜕𝑥2 denote the partial derivatives of 𝑓 with respect to time and the
state variable 𝑥, 𝜇 is the drift coefficient in the SDE, 𝜎 is the diffusion coefficient in the SDE and 𝑑𝑊𝑡 is the differential
of a Wiener process.

Lemma A.6 (Dynkin’s formula [37]). For every 𝑥 ∈ Ω, let 𝑋𝑥 be the solution to a linear PDE Equation (1) with
affine 𝜇 ∶ ℝ𝑑 → ℝ𝑑 and 𝜎 ∶ ℝ𝑑 → ℝ𝑑×𝑑 . If 𝜑 ∈ 𝐶2 (ℝ𝑑) with bounded first partial derivatives, then it holds that
(

𝜕𝑡𝑢
)

(𝑥, 𝑡) = [𝑢](𝑥, 𝑡) where 𝑢 is defined as

𝑢(𝑥, 𝑡) = 𝜑(𝑥) + 𝔼
[

∫

𝑡

0
(𝜑)

(

𝑋𝑥
𝜏
)

𝑑𝜏
]

, for 𝑥 ∈ Ω, 𝑡 ∈ [0, 𝑇 ], (26)

where

𝑑𝑋𝑥
𝑡 = 𝜇(𝑋𝑥

𝑡 )𝑑𝑡 + 𝜎(𝑋
𝑥
𝑡 )𝑑𝑊𝑡, 𝑋𝑥

0 = 𝑥,

(𝜑)(𝑋𝑥
𝑡 ) =

𝑑
∑

𝑖=1
𝜇𝑖(𝑋𝑥

𝑡 )(𝜕𝑖𝜑)(𝑋
𝑥
𝑡 ) +

1
2

𝑑
∑

𝑖,𝑗,𝑘=1
𝜎𝑖,𝑘(𝑋𝑥

𝑡 )𝜎𝑘𝑗(𝑋
𝑥
𝑡 )(𝜕

2
𝑖𝑗𝜑)(𝑋

𝑥
𝑡 ),

(27)

where 𝑊𝑡 is a standard 𝑑-dimensional Brownian motion on probability space
(

Ω, , 𝑃 , (𝔽𝑡)𝑡∈[0,𝑇 ]
)

, and  is the
generator of 𝑋𝑥

𝑡 .

Lemma A.7 ([38]). Let 𝑑, 𝐿,𝑊 ∈ ℕ, 𝑅 ≥ 1, 𝐿,𝑊 ≥ 2, let 𝜇 be a probability measure on Ω = [0, 1]𝑑 , let
𝑓 ∶ Ω → [−𝑅(𝑊 + 1), 𝑅(𝑊 + 1)] be a function and let 𝑓𝜃 ∶ Ω → ℝ, 𝜃 ∈ Θ, be tanh neural networks with at
most 𝐿− 1 hidden layers, width at most 𝑊 and weights and biases bounded by 𝑅. For every 0 < 𝜖 < 1, it holds for the
generalisation and training error Equation (21) that,

ℙ
(

𝐺
(

𝜃∗()
)

≤ 𝜖 + 𝑇
(

𝜃∗(),
))

≥ 1 − 𝜂 if 𝑁 ≥ 64𝑑(𝐿 + 3)2𝑊 6𝑅4

𝜖4
ln

(

4 5
√

𝑑 + 4𝑅𝑊
𝜖

)

.

A.2. General PDEs
In this section, we will demonstrate the transformation of the BS equation and the Vašiček equation into a general

form, i.e., Equation (1).
Black-Scholes equation. As detailed in the main text, the specific expression of the Black-Scholes Equation (8) is

⎧

⎪

⎨

⎪

⎩

𝜕𝑢′
𝜕𝑡′

+ 1
2𝜎

2𝑥2′
𝜕2𝑢′
𝜕𝑥2′

+ 𝑟𝑥′
𝜕𝑢′
𝜕𝑥′

− 𝑟𝑢′ = 0, (𝑥′, 𝑡′) ∈ Ω × [0, 𝑇 ],
𝑢′(𝑇 , 𝑥′) = max(𝑥′ −𝐾, 0), 𝑥′ ∈ Ω,
𝑢′(𝑡′, 0) = 0, 𝑡′ ∈ [0, 𝑇 ].

(28)

Let’s 𝑡 = 𝑇 − 𝑡′,∈ [𝑇 , 0], 𝑥 = 𝑥′ ∈ Ω. Then the BS Equation (28) can be transformed into a more generalised
initial-boundary value problem [39],

⎧

⎪

⎨

⎪

⎩

− 𝜕𝑢
𝜕𝑡 +

1
2𝜎

2𝑥2 𝜕
2𝑢
𝜕𝑥2 + 𝑟𝑥

𝜕𝑢
𝜕𝑥 − 𝑟𝑢 = 0, (𝑥, 𝑡) ∈ Ω × [0, 𝑇 ],

𝑢(0, 𝑥) = max(𝑥 −𝐾, 0), 𝑥 ∈ Ω
𝑉 (𝑡, 0) = 0, 𝑡 ∈ [𝑇 , 0].

(29)

Here [𝑢] in Equation (1) for Equation (29) is [𝑢] = 1
2𝜎

2𝑥2 𝜕
2𝑢(𝑥,𝑡)
𝜕𝑥2 + 𝑟𝑥 𝜕𝑢(𝑥,𝑡)𝜕𝑥 − 𝑟𝑢(𝑥, 𝑡) with 𝜎(𝑥) = 𝜎𝑥, 𝜇(𝑥) = 𝑟𝑥,

𝜐(𝑥) = −𝑟 and 𝜑(𝑥) = 𝑚𝑎𝑥(𝑥 −𝐾, 0).

Xuelian Jiang et al. Page 17 of 22



<LSN: Preserving Conservation Laws in Modelling Financial Market Dynamics via Differential Equations>

Vašiček equation [6]. The Vašiček pricing Equation (9) for pricing risk-free bonds 𝑢(𝑡, 𝑥) is in the following form:

⎧

⎪

⎨

⎪

⎩

𝜕𝑢
𝜕𝑡 + 𝛼

𝜕𝑢
𝜕𝑥2 + 𝜆(𝛽 − 𝑥)

𝜕𝑢
𝜕𝑥 + 𝛾𝑥𝑢 = 0, Ω × [0, 𝑇 ],

𝑢(𝑥, 𝑇 ) = 1, Ω × 𝑇 ,
𝑢(𝑥, 𝑡) = 𝜓(𝑥, 𝑡) 𝜕Ω × [0, 𝑇 ].

(30)

Similarly, we can express the Vašiček equation in a general form as follows:

⎧

⎪

⎨

⎪

⎩

𝑢𝑡(𝑥, 𝑡) = [𝑢], for all (𝑥, 𝑡) ∈ Ω × [0, 𝑇 ],
𝑢(0, 𝑥) = 𝜑(𝑥), for all 𝑥 ∈ Ω,
𝑢(𝑦, 𝑡) = 𝜓(𝑦, 𝑡), for all (𝑦, 𝑡) ∈ 𝜕Ω × [0, 𝑇 ],

(31)

where [𝑢] in Equation (1) for Equation (30) is [𝑢] = 𝛼𝑢𝑥𝑥 + 𝜆(𝛽 − 𝑥)𝑢𝑥 + 𝛾𝑥𝑢 with 𝜎(𝑥) =
√

2𝛼, 𝜇(𝑥) = 𝜆(𝛽 − 𝑥),
𝜐(𝑥) = 𝛾𝑥 and 𝜑(𝑥) = 1.

A.3. Theoretical analysis
Given the wide range of choices for Lie symmetry operators, we use the BS equation with the selected lie operator

𝐺2 = 𝑥 𝜕
𝜕𝑥 of Equation (11) as an example to theoretically demonstrate the effectiveness of our method. The corresponding

conservation law Equation (13) is as follows,

𝐿𝑖𝑒[𝑢̂] ∶= 𝐷𝑡𝑇
𝑡
2(𝑢̂) +𝐷𝑥𝑇

𝑥
2 (𝑢̂), (32)

where

⎧

⎪

⎨

⎪

⎩

𝑇 𝑡2(𝑢̂) = −𝑢̂𝑥𝑙(𝑡) +
𝑎
𝑥
+ 2𝑏𝑢̂
𝜎2𝑥

e−𝑟𝑡,

𝑇 𝑥2 (𝑢̂) = 𝑢̂𝑡𝑙(𝑡) + 𝑢̂𝑙′(𝑡) + 𝑔(𝑡) − 𝑏𝑢̂e−𝑟𝑡 + 𝑏
(

𝑢̂𝑥 +
2𝑟𝑢̂
𝜎2𝑥

)

𝑥e−𝑟𝑡.
(33)

Performing operator calculations with the conserved quantities (𝑇 𝑡2, 𝑇
𝑥
2 ) substituted into the Equation (32) yields

⎧

⎪

⎨

⎪

⎩

𝐷𝑡𝑇
𝑡
2(𝑢̂) = −𝑢̂𝑥𝑡𝑙(𝑡) − 𝑢̂𝑥𝑙𝑡(𝑡) +

2𝑏𝑢̂𝑡
𝜎2𝑥

𝑒−𝑟𝑡 − 2𝑟𝑏𝑢̂
𝜎2𝑥

𝑒−𝑟𝑡,

𝐷𝑥𝑇
𝑥
2 (𝑢̂) = 𝑢̂𝑡𝑥𝑙(𝑡) + 𝑢̂𝑥𝑙𝑡(𝑡) − 𝑏𝑢̂𝑥𝑒−𝑟𝑡 + 𝑏

(

𝑢̂𝑥𝑥 +
2𝑟𝑢̂𝑥
𝜎2𝑥

− 2𝑟𝑢̂
𝜎2𝑥2

)

𝑥𝑒−𝑟𝑡 + 𝑏
(

𝑢̂𝑥 +
2𝑟𝑢̂
𝜎2𝑥

)

𝑒−𝑟𝑡.

Therefore, we have

𝐷𝑡𝑇
𝑡
2(𝑢̂) +𝐷𝑥𝑇

𝑥
2 (𝑢̂) =

2𝑏𝑢̂𝑡
𝜎2𝑥

𝑒−𝑟𝑡 − 𝑏𝑢̂𝑥𝑒−𝑟𝑡 + 𝑏𝑥𝑢̂𝑥𝑥𝑒−𝑟𝑡 +
2𝑟𝑏𝑢̂𝑥
𝜎2

𝑒−𝑟𝑡 − 2𝑟𝑏𝑢̂
𝜎2𝑥

𝑒−𝑟𝑡 + 𝑏𝑢̂𝑥𝑒−𝑟𝑡

= 𝑏𝑥𝑒−𝑟𝑡𝑢̂𝑥𝑥 +
2𝑏
𝜎2𝑥

𝑒−𝑟𝑡𝑢̂𝑡 +
2𝑟𝑏
𝜎2
𝑒−𝑟𝑡𝑢̂𝑥 −

2𝑟𝑏
𝜎2𝑥

𝑒−𝑟𝑡𝑢̂

= 2𝑏𝑒−𝑟𝑡

𝜎2𝑥

(

𝑢̂𝑡 +
1
2
𝜎2𝑥2𝑢̂𝑥𝑥 + 𝑟𝑥𝑢̂𝑥 − 𝑟𝑢̂

)

.

Since 𝑏 is arbitrarily chosen, let’s set 𝑏 = 𝑥𝑚𝑖𝑛. Where 𝑥𝑚𝑖𝑛 represents the smallest x-coordinate among the points in the
configuration set. And (𝑥, 𝑡) ∈ Ω × [0, 𝑇 ] represents a bounded interior region, where 𝑥 and 𝑡 are within the specified
domain Ω and time interval [0, 𝑇 ] respectively. Therefore, there exists a positive number 𝑀 > 0 such that

0 <
|

|

|

|

2𝑏𝑒−𝑟𝑡

𝜎2𝑥
|

|

|

|

2
<
‖

‖

‖

‖

2𝑏𝑒−𝑟𝑡

𝜎2𝑥
‖

‖

‖

‖

2

∞
=
‖

‖

‖

‖

‖

2𝑥𝑚𝑖𝑛𝑒−𝑟𝑡

𝜎2𝑥

‖

‖

‖

‖

‖

2

∞
≤
(

2𝑥𝑚𝑖𝑛𝑒−𝑟𝑇

𝜎2𝑥𝑚𝑖𝑛

)2

≤
(

2𝑒−𝑟𝑇

𝜎2

)2
∶=𝑀. (34)
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Therefore,

𝐿𝑖𝑒[𝑢̂] = ‖𝐿𝑖𝑒[𝑢̂]‖2 = ‖𝐷𝑡𝑇
𝑡
2(𝑢̂) +𝐷𝑥𝑇

𝑥
2 (𝑢̂)‖

2

= ‖

2𝑏𝑒−𝑟𝑡

𝜎2𝑥

(

𝑢̂𝑡 +
1
2
𝜎2𝑥2𝑢̂𝑥𝑥 + 𝑟𝑥𝑢̂𝑥 − 𝑟𝑢̂

)

‖

2

≤𝑀‖𝑢̂𝑡 +
1
2
𝜎2𝑥2𝑢̂𝑥𝑥 + 𝑟𝑥𝑢̂𝑥 − 𝑟𝑢̂‖2

=𝑀‖𝑃𝐷𝐸[𝑢̂]‖2.

(35)

A.3.1. Approximation error bounds of LSN
The PDE in Equation (1) is a linear parabolic equation with smooth coefficients, and conclusions about the existence

of a unique classical solution 𝑢 to the equation, which is sufficiently regular, can be derived using standard parabolic
theory. If 𝑢 is considered a classical solution, then the residual concerning 𝑢 should be zero.

𝑖[𝑢](𝑥, 𝑡) = 0, 𝑠[𝑢](𝑦, 𝑡) = 0, 𝑡[𝑢](𝑥) = 0, 𝐿𝑖𝑒[𝑢](𝑥, 𝑡) = 0, ∀𝑥 ∈ Ω, 𝑦 ∈ 𝜕Ω. (36)

Here 𝐿𝑖𝑒[𝑢](𝑥, 𝑡) =
2𝑏𝑒−𝑟𝑡
𝜎2𝑥

(

𝑢𝑡 +
1
2𝜎

2𝑥2𝑢𝑥𝑥 + 𝑟𝑥𝑢𝑥 − 𝑟𝑢
)

= 2𝑏𝑒−𝑟𝑡
𝜎2𝑥 𝑖[𝑢](𝑥, 𝑡) = 0 (with 2𝑏𝑒−𝑟𝑡

𝜎2𝑥 ≠ 0.) We first list several
crucial lemmas used to prove the approximation error of LSN.

Lemma A.8. Let 𝑇 > 0 and 𝛾, 𝑑, 𝑠 ∈ ℕ with 𝑠 ≥ 2 + 𝛾 . Suppose 𝑢 ∈ 𝑊 𝑠,∞ (

(0, 1)𝑑× [0, 𝑇 ] ) is the solution to a linear
PDE (1). Then, for every 𝜀 > 0 there exists a tanh neural network 𝑢̂𝜀 = 𝑢𝜃̂𝜀 with two hidden layers of width at most

(

𝜀−𝑑∕(𝑠−2−𝛾)
)

such that 
(

𝜃𝜀
)

≤ 𝜀.

Proof. We extend the proof of the Theorem 1 in [38] to the LSN algorithm with regularization terms incorporating Lie
symmetries. There exists a tanh neural network 𝑢̂𝜀 with two hidden layers of width at most 

(

𝜀−𝑑∕(𝑠−2−𝛾)
)

such that

‖

‖

𝑢 − 𝑢̂𝜀‖
‖𝑊 2,∞((0,1)𝑑×[0,𝑇 ]) ≤ 𝜀.

Due to the linearity of PDEs (where Equation (1) is a linear equation with respect to 𝑢), it immediately follows that
|

|

𝑖[𝑢]||𝐿2((0,1)𝑑×[0,𝑇 ]) ≤ 𝜀 and |

|

𝐿𝑖𝑒[𝑢]||𝐿2((0,1)𝑑×[0,𝑇 ]) ≤𝑀 |

|

𝑖[𝑢]||𝐿2((0,1)𝑑×[0,𝑇 ]) ≤ 𝜀. By employing a standard trace

inequality, one can establish similar bounds for 𝑠[𝑢] and 𝑡[𝑢]. Consequently, it directly follows that 
(

𝜃𝜀
)

≤ 𝜀.

This lemma shows that the structure risk of LSN in Equation (21) can converge to zero. To address the challenge
of the curse of dimensionality in structure risk of LSN Equation (21) bounds, we will leverage Dynkin’s Lemma A.6,
which establishes a connection between the linear partial differential Equation (1) and the Itô diffusion stochastic
equation. Next, we will extend the proof for PINNs from [38] to LSNs to demonstrate that the loss for LSNs can be
made infinitesimally small.

Lemma A.9. Let 𝛼, 𝛽,𝜛, 𝜁, 𝑇 > 0, and 𝑝 > 2. For any 𝑑 ∈ ℕ, define Ω𝑑 = [0, 1]𝑑 and consider 𝜑𝑑 ∈ 𝐶5 (ℝ𝑑) with
bounded first partial derivatives. Given the probability space

(

Ω𝑑 × [0, 𝑇 ], , 𝜇
)

, and let 𝑢𝑑 ∈ 𝐶2,1 (Ω𝑑 × [0, 𝑇 ]
)

be a
function satisfying

(

𝜕𝑡𝑢𝑑
)

(𝑥, 𝑡) = 
[

𝑢𝑑
]

(𝑥, 𝑡), 𝑢𝑑(𝑥, 0) = 𝜑𝑑(𝑥), 𝐿𝑖𝑒
[

𝑢𝑑
]

(𝑥, 𝑡) = 0 for all (𝑥, 𝑡) ∈ Ω𝑑 × [0, 𝑇 ].

Assume for every 𝜉, 𝛿, 𝑐 > 0, there exist hyperbolic tangent (tanh) neural networks such that
‖

‖

‖

𝜑𝑑 − 𝜑̂𝜉,𝑑
‖

‖

‖𝐶2(𝐷𝑑)
≤ 𝜉 and ‖

‖

‖

𝜑 − ̂(𝜑)𝛿,𝑑
‖

‖

‖𝐶2([−𝑐,𝑐]𝑑)
≤ 𝛿. (37)

Under these conditions, there exist constants 𝐶, 𝜆 > 0 such that for every 𝜀 > 0 and 𝑑 ∈ ℕ, a constant 𝜌𝑑 > 0
(independent of 𝜀 ) and a tanh neural network Ψ𝜀,𝑑 with at most 𝐶

(

𝑑𝜌𝑑
)𝜆 𝜀−max{5𝑝+3,2+𝑝+𝛽} neurons and weights that

grow at most as 𝐶
(

𝑑𝜌𝑑
)𝜆 𝜀−max{𝜁,8𝑝+6} for 𝜀→ 0 can be found such that

‖

‖

‖

𝜕𝑡Ψ𝜀,𝑑 − 
[

Ψ𝜀,𝑑
]

‖

‖

‖𝐿2(Ω𝑑×[0,𝑇 ])
+ ‖

‖

Ψ𝜀,𝑑 − 𝑢𝑑‖‖𝐻1(Ω𝑑×[0,𝑇 ])

+ ‖

‖

Ψ𝜀,𝑑 − 𝑢𝑑‖‖𝐿2(𝜕(Ω𝑑×[0,𝑇 ])) +
‖

‖

‖

𝐿𝑖𝑒
[

Ψ𝜀,𝑑
]

‖

‖

‖𝐿2(Ω𝑑×[0,𝑇 ])
≤ 𝜀,

(38)
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where 𝜌𝑑 is defined as

𝜌𝑑 ∶= max
𝑥∈Ω𝑑

sup
𝑠,𝑡∈[0,𝑇 ]
𝑠<𝑡

‖

‖

𝑋𝑥
𝑠 −𝑋

𝑥
𝑡
‖

‖𝑞(𝑃 ,‖⋅‖ℝ𝑑 )

|𝑠 − 𝑡|
1
𝑝

<∞. (39)

In this context, 𝑋𝑥 denotes the solution, following the Itô interpretation, of the stochastic differential equation (SDE)
specified by Equation (23). Here 𝑞 > 2 remains independent of 𝑑 and the norm ‖ ⋅ ‖𝑞(𝑃 ,‖⋅‖ℝ𝑑 ) is defined as follows:
Given a measure space (Ω, , 𝜇) where 𝑞 > 0, for any ∕(ℝ𝑑)-measurable function 𝑓 ∶ Ω → ℝ𝑑 ,

‖𝑓‖𝑞(𝜇,‖⋅‖ℝ𝑑 ) ∶=
[

∫Ω
‖𝑓 (𝜔)‖𝑞

ℝ𝑑
𝜇(𝑑𝜔)

]
1
𝑞
. (40)

Proof. The main proof follows directly from Theorem 2 in De Ryck and Mishra [38], where
‖

‖

‖

𝐿𝑖𝑒
[

Ψ𝜀,𝑑
]

‖

‖

‖𝐿2(Ω𝑑×[0,𝑇 ])
≤𝑀 ‖

‖

‖

𝜕𝑡Ψ𝜀,𝑑 − 
[

Ψ𝜀,𝑑
]

‖

‖

‖𝐿2(Ω𝑑×[0,𝑇 ])
≤ 𝜀. (41)

According to Remark 2 by [38], it is indicated that the assumption conditions in the Lemma A.9 are easily satisfied
after modifications for the BS equation.

Theorem A.10. Let 𝑢 be a classical solution to linear PDE as described in Equation (1) with 𝜇 ∈ 𝐶1 (Ω;ℝ𝑑) and

𝜎 ∈ 𝐶2 (Ω;ℝ𝑑×𝑑), let𝑀 =
(

2𝑒−𝑟𝑇
𝜎2

)2
, 𝑣 ∈ 𝐶2(Ω× [0, 𝑇 ];ℝ), and define the residuals according Equation (18). Then,

‖𝑢 − 𝑣‖2𝐿2(Ω×[0,𝑇 ]) ≤𝐶1

[

‖

‖

𝑖[𝑣]‖‖
2
𝐿2(Ω×[0,𝑇 ]) + ‖

‖

𝑙𝑖𝑒[𝑣]‖‖
2
𝐿2(Ω×[0,𝑇 ]) + ‖

‖

𝑡[𝑣]‖‖
2
𝐿2(Ω)

+𝐶2
‖

‖

𝑠[𝑣]‖‖𝐿2(𝜕Ω×[0,𝑇 ]) + 𝐶3
‖

‖

𝑠[𝑣]‖‖
2
𝐿2(𝜕Ω×[0,𝑇 ])

]

,
(42)

where

𝐶0 = 2
𝑑
∑

𝑖,𝑗=1

‖

‖

‖

𝜕𝑖𝑗
(

𝜎𝜎𝑇
)

𝑖𝑗
‖

‖

‖𝐿∞(Ω×[0,𝑇 ])
,

𝐶1 = 𝑇 𝑒
(

2𝐶0+2‖ div𝜇‖∞+1+ 1
𝑀 +2‖𝜐‖∞

)

𝑇 ,

𝐶2 = 2
𝑑
∑

𝑖=1

‖

‖

‖

(

𝜎𝜎𝑇∇𝑥[𝑢 − 𝑣]
)

𝑖
‖

‖

‖𝐿2(𝜕Ω×[0,𝑇 ])
,

𝐶3 = 2‖𝜇‖∞ + (1 +𝑀)
𝑑
∑

𝑖,𝑗,𝑘=1

‖

‖

‖

𝜕𝑖
(

𝜎𝑖𝑘𝜎𝑗𝑘
)

‖

‖

‖𝐿∞(𝜕Ω×[0,𝑇 ])
.

(43)

Proof. Let 𝑢̂ = 𝑣 − 𝑢. Integrating 𝑖[𝑢̂](𝑡, 𝑥) over Ω and rearranging terms gives

𝑑
𝑑𝑡 ∫Ω

|𝑢̂|2𝑑𝑥 = 1
2 ∫Ω

Trace
(

𝜎2𝐻𝑥[𝑢̂]
)

𝑢̂𝑑𝑥 + ∫Ω
𝜇𝐽𝑥[𝑢̂]𝑢̂𝑑𝑥 + ∫Ω

𝜐|𝑢̂|2𝑑𝑥 + ∫Ω
𝑖[𝑢̂]𝑢̂𝑑𝑥, (44)

where all integrals are understood as integrals with respect to the Lebesgue measure on Ω and 𝜕Ω, and where 𝐽𝑥
represents the Jacobian matrix, which is the transpose of the gradient with respect to the spatial coordinates. Following
the derivation by Theorem 4 of [38], we can similarly show that :
for the first term

∫Ω Trace
(

𝜎𝜎𝑇𝐻𝑥[𝑢̂]
)

𝑢̂𝑑𝑥

≤
∑𝑑
𝑖=1 ∫𝜕Ω

|

|

|

(

𝜎𝜎𝑇 𝐽𝑥(𝑢̂)𝑇
)

𝑖 𝑢̂
(

𝑒𝑖 ⋅ 𝑛̂
)

|

|

|

𝑑𝑥 − ∫Ω
𝐽𝑥[𝑢̂]𝜎

(

𝐽𝑥[𝑢̂]𝜎
)𝑇 𝑑𝑥

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
≥0

+ 𝑐2
2 ∫𝜕Ω |

|

𝑠[𝑣]||
2 𝑑𝑥 + 𝑐3

2 ∫Ω 𝑢̂
2𝑑𝑥, (45)
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for the second term

∫Ω
𝜇𝐽𝑥[𝑢̂]𝑢̂𝑑𝑥 ≤ 1

2
‖ div𝜇‖∞ ∫Ω

𝑢̂2𝑑𝑥 + 1
2
‖𝜇‖∞ ∫𝜕Ω

|

|

𝑠[𝑣]||
2 𝑑𝑥, (46)

for the fourth term

∫Ω
𝑖[𝑢̂]𝑢̂𝑑𝑥 ≤ 1

2 ∫Ω
𝑖[𝑢̂]2𝑑𝑥 +

1
2 ∫Ω

𝑢̂2𝑑𝑥, (47)

where 𝑛̂ denotes the unit normal on 𝜕Ω. 1 ≤ 𝑖, 𝑗, 𝑘 ≤ 𝑑 and

𝑐1 = 2
∑𝑑
𝑖=1

‖

‖

‖

(

𝜎𝜎𝑇 𝐽𝑥[𝑢̂]𝑇
)

𝑖
‖

‖

‖𝐿2(𝜕Ω×[0,𝑇 ])
,

𝑐2 =
∑𝑑
𝑖,𝑗,𝑘=1

‖

‖

‖

𝜕𝑖
(

𝜎𝑖𝑘𝜎𝑗𝑘
)

‖

‖

‖𝐿∞(𝜕Ω×[0,𝑇 ])
,

𝑐3 =
∑𝑑
𝑖,𝑗=1

‖

‖

‖

𝜕𝑖𝑗
(

𝜎𝜎𝑇
)

𝑖𝑗
‖

‖

‖𝐿∞(Ω×[0,𝑇 ])
.

(48)

As for the third term of Equation (44), we obtain

∫Ω
𝜐|𝑢̂|2𝑑𝑥 ≤ ‖𝜐‖∞ ∫Ω

|𝑢̂|2𝑑𝑥. (49)

Integrating Equation (44) over the interval [0, 𝜏] ⊂ [0, 𝑇 ], using all the previous inequalities together with Hölder’s
inequality, we find that

∫Ω
|𝑢̂(𝑥, 𝜏)|2𝑑𝑥 ≤ ∫Ω

|

|

𝑡[𝑣]||
2 𝑑𝑥 + 𝑐1

(

∫𝜕Ω×[0,𝑇 ]
|

|

𝑠[𝑣]||
2 𝑑𝑥𝑑𝑡

)1∕2
+ ∫Ω×[0,𝑇 ]

|

|

𝑖[𝑢̂]||
2 𝑑𝑥𝑑𝑡

+
(

𝑐2 + ‖𝜇‖∞
)

∫𝜕Ω×[0,𝑇 ]
|

|

𝑠[𝑣]||
2 𝑑𝑥𝑑𝑡 +

(

𝑐3 + ‖ div𝜇‖∞ + 1 + ‖𝜐‖∞
)

∫[0,𝜏] ∫Ω
|𝑢̂(𝑥, 𝑠)|2𝑑𝑥𝑑𝑡.

(50)

Referring to Equation (44), we can transform operator 𝐿𝑖𝑒[𝑢̂] =
2𝑏𝑒−𝑟𝑡
𝜎2𝑥

(

𝑢𝑡 +
1
2𝜎

2𝑥2𝑢𝑥𝑥 + 𝑟𝑥𝑢𝑥 − 𝑟𝑢
)

with 2𝑏𝑒−𝑟𝑡
𝜎2𝑥 ≠ 0,

i.e., 𝑖[𝑢̂] = 𝑢𝑡 +
1
2𝜎

2𝑥2𝑢𝑥𝑥 + 𝑟𝑥𝑢𝑥 − 𝑟𝑢 =
𝜎2𝑥

2𝑏𝑒−𝑟𝑡𝐿𝑖𝑒[𝑢̂] into the following form,

𝑑
𝑑𝑡 ∫Ω

|𝑢̂|2𝑑𝑥 = 1
2 ∫Ω

Trace
(

𝜎2𝐻𝑥[𝑢̂]
)

𝑢̂𝑑𝑥 + ∫Ω
𝜇𝐽𝑥[𝑢̂]𝑢̂𝑑𝑥 + ∫Ω

𝜐|𝑢̂|2𝑑𝑥 + ∫Ω
𝜎2𝑥
2𝑏𝑒−𝑟𝑡

𝐿𝑖𝑒[𝑢̂]𝑑𝑥

≤ 1
2 ∫Ω

Trace
(

𝜎2𝐻𝑥[𝑢̂]
)

𝑢̂𝑑𝑥 + ∫Ω
𝜇𝐽𝑥[𝑢̂]𝑢̂𝑑𝑥 + ∫Ω

𝜐|𝑢̂|2𝑑𝑥 + 1
𝑀 ∫Ω

𝐿𝑖𝑒[𝑢̂]𝑑𝑥.
(51)

The proof is ultimately established by using Using Grönwall’s inequality and integrating over [0, 𝑇 ].

Remark A.11. Theorem A.10 states that by optimizing structure risk Equation (21), the network’s output can approximate
the exact solution, while Lemma A.9 confirms that structure risk can be minimized. This verifies the numerical
approximation of the LSN to the exact solution.

A.3.2. Generalisation error bounds of LSN
We set a general configuration let Ω ⊂ ℝ𝑑 be compact and let 𝑢 ∶ Ω → ℝ, 𝑢𝜃 ∶ Ω → ℝ be functions for all 𝜃 ∈ Θ.

We consider 𝑢 as the exact value of the PDE (1), and 𝑢𝜃 as the approximation generated by LSN with weights 𝜃.
Let𝑁 ∈ ℕ be the training set size and let =

{

𝑧1,… , 𝑧𝑀
}

∈ Ω𝑁 be the training set, where each 𝑧𝑖 is independently
drawn according to some probability measure 𝜇 on Ω. We define the structure risk and empirical loss as

(𝜃) = ∫Ω
|

|

𝑢𝜃(𝑧) − 𝑢(𝑧)||
2 𝑑𝜇(𝑧), ̂(𝜃,) = 1

𝑁

𝑁
∑

𝑖=1

|

|

|

𝑢𝜃
(

𝑧𝑖
)

− 𝑢
(

𝑧𝑖
)

|

|

|

2
, 𝜃∗() ∈ argmin

𝜃∈Θ
̂(𝜃,). (52)
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Lemma A.12. Let 𝑑, 𝐿,𝑊 ∈ ℕ with 𝑅 ≥ 1, and define 𝑀 =
(

2𝑒−𝑟𝑇
𝜎2

)2
. Consider 𝑢𝜃 ∶ [0, 1]𝑑 → ℝ, where 𝜃 ∈ Θ

representing tanh neural networks with at most 𝐿 − 1 hidden layers, each with a width of at most 𝑊 , and weights
and biases bounded by 𝑅. Let 𝑞 and ̂𝑞 denote the structure risk and empirical error, respectively, for linear general
PDEs as in Equation (1). Assume max

{

‖𝜑‖∞, ‖𝜓‖∞
}

≤ max𝜃∈Θ ‖

‖

𝑢𝜃‖‖∞. Denote by 𝔏𝑞 the Lipschitz constant of 𝑞 ,
for 𝑞 = 𝑖, 𝑡, 𝑠. Then, it follows that

𝔏𝑞 ≤ 25+2𝐿𝐶(𝑑 + 7)2𝐿4𝑅6𝐿−1𝑊 6𝐿−6,

where 𝐶 = (1 +𝑀) max
𝑥∈𝐷

(

1 +
𝑑
∑

𝑖=1
|

|

𝜇(𝑥)𝑖|| +
𝑑
∑

𝑖,𝑗=1

|

|

|

(𝜎(𝑥)𝜎(𝑥)∗)𝑖𝑗
|

|

|

)2

.

Proof. Similar to Lemma 16 in [38], we have the following:
|

|

|

𝑖
[

𝑢𝜃
]

(𝑡, 𝑥) −𝑖
[

Φ𝜗] (𝑡, 𝑥)||
|

≤ |𝜐(𝑥)|1 ||𝑢𝜃 − Ψ𝑣
|

|∞ +
(

1 + |𝜇(𝑥)|1
)

|

|

|

𝐽 𝜃 − 𝐽𝜗||
|∞

+ |

|

𝜎(𝑥)𝜎(𝑥)∗|
|1
|

|

|

𝐻𝜃
𝑥 −𝐻𝜗

𝑥
|

|

|∞

≤ 4𝛼
(

1 + |𝜐(𝑥)|1 + |𝜇(𝑥)|1 + |

|

𝜎(𝑥)𝜎(𝑥)∗|
|1
)

(𝑑 + 7)𝐿2𝑅3𝐿−1𝑊 3𝐿−32𝐿|𝜃 − 𝜗|∞.

And we have
|

|

|

𝑙𝑖𝑒
[

𝑢𝜃
]

(𝑡, 𝑥) −𝑙𝑖𝑒
[

Φ𝜗] (𝑡, 𝑥)||
|

≤𝑀 |

|

|

𝑖
[

𝑢𝜃
]

(𝑡, 𝑥) −𝑖
[

Φ𝜗] (𝑡, 𝑥)||
|

, (53)

where we let | ⋅ |𝑝 denote the vector 𝑝-norm of the vectored version of a general tensor. Next, we set 𝜗 = 0 ) and
max

{

‖𝜑‖∞, ‖𝜓‖∞
}

≤ max𝜃∈Θ ‖

‖

𝑢𝜃‖‖∞ for 𝑞 = 𝑡, 𝑠 that

max
𝜃

‖

‖

‖

𝑖
[

𝑢𝜃
]

‖

‖

‖∞
≤4𝛼𝐶1(𝑑 + 7)2𝐿𝐿2𝑅3𝐿𝑊 3𝐿−3,

max
𝜃

‖

‖

‖

𝑙𝑖𝑒
[

𝑢𝜃
]

‖

‖

‖∞
≤4𝛼𝐶1𝑀(𝑑 + 7)2𝐿𝐿2𝑅3𝐿𝑊 3𝐿−3,

max
𝜃

‖

‖

‖

𝑞
[

𝑢𝜃
]

‖

‖

‖∞
≤2𝑊𝑅,

(54)

where 𝐶1 = max𝑥∈Ω
(

1 + |𝜐(𝑥)|1 + |𝜇(𝑥)|1 + |𝜎(𝑥)𝜎(𝑥)∗|1
)

. Combining all the previous results yields the bound.

We can then obtain the generalization bound of LSN as follows.
Theorem A.13. Let 𝐿,𝑊 ,𝑁 ∈ ℕ, 𝑅 ≥ 1, 𝐿,𝑊 ≥ 2, 𝑎, 𝑏 ∈ ℝ with 𝑎 < 𝑏 and let 𝑢𝜃 ∶ [0, 1]𝑑 → ℝ, 𝜃 ∈ Θ,
be tanh neural networks with at most 𝐿 − 1 hidden layers, width at most 𝑊 , and weights and biases bounded by
𝑅. For 𝑞 = 𝑖, 𝑡, 𝑠, let 𝑞 and ̂𝑞 denote the LSN structure risk and training error, respectively, for linear general
PDEs as in Equation (1). Let 𝑐𝑞 > 0 be such that ̂𝑞(𝜃,), 𝑞(𝜃) ∈ [0, 𝑐𝑞], for all 𝜃 ∈ Θ and 𝑆 ⊂ Ω𝑁 . Assume
max{‖𝜑‖∞, ‖𝜓‖∞} ≤ max𝜃∈Θ ‖𝑢𝜃‖∞ and define the constants

𝐶 = (1 +𝑀) max
𝑥∈Ω

(

1 +
𝑑
∑

𝑖=1

|

|

𝜐(𝑥)𝑖|| +
𝑑
∑

𝑖=1

|

|

𝜇(𝑥)𝑖|| +
𝑑
∑

𝑖,𝑗=1

|

|

|

(

𝜎(𝑥)𝜎(𝑥)∗
)

𝑖𝑗
|

|

|

)2

.

Then, for any 𝜖 > 0, it holds that

𝑞 ≤ 𝜖 + ̂𝑞 if𝑀𝑞 ≥
24𝑑𝐿2𝑊 2𝑐2𝑞

𝜖4
ln

(

4𝑐1𝑅𝑊
6

√

𝐶(𝑑 + 7)
𝜖2

)

. (55)

Proof. The proof follows the generalization analysis of PINNs [38]. Setting

𝐶 = (1 +𝑀) max
𝑥∈𝐷

(

1 +
𝑑
∑

𝑖=1

|

|

𝜐(𝑥)𝑖|| +
𝑑
∑

𝑖=1

|

|

𝜇(𝑥)𝑖|| +
𝑑
∑

𝑖,𝑗=1

|

|

|

(

𝜎(𝑥)𝜎(𝑥)∗
)

𝑖𝑗
|

|

|

)2

, (56)

we can use Lemma A.12 with 𝑎 ← 𝑅, 𝑐 ← 𝑐𝑞 ,𝔏 ← 25+2𝐿𝐶2(𝑑 + 7)2𝐿4𝑅6𝐿−1𝑊 6𝐿−6 and 𝑘← 2𝑑𝐿𝑊 2 (Lemma A.7).
We then arrive at

𝑘 ln
(

4𝑎𝔏
𝜖2

)

+ ln
( 2𝑐𝑞
𝜖2

)

≤ 6𝑘𝐿 ln
(

4𝑐𝑞𝑅𝑊
6
√

𝐶(𝑑+7)
𝜖2

)

= 12𝑑𝐿2𝑊 2 ln
(

4𝑐𝑞𝑅𝑊
6
√

𝐶(𝑑+7)
𝜖2

)

.
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