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Abstract

An Al agent might surprisingly find she has reached an unknown state which she
has never been aware of — an unknown unknown. We mathematically ground
this scenario in reinforcement learning: an agent, after taking an action calculated
from value functions Q and V' defined on the aware domain, reaches a state out of
the domain. To enable the agent to handle this scenario, we propose an episodic
Markov decision process with growing awareness (EMDP-GA) model, taking a
new noninformative value expansion (NIVE) approach to expand value functions to
newly aware areas: when an agent arrives at an unknown unknown, value functions
@ and V whereon are initialised by noninformative beliefs — the averaged values
on the aware domain. This design is out of respect for the complete absence of
knowledge in the newly discovered state. The upper confidence bound momentum
Q-learning is then adapted to the growing awareness for training the EMDP-GA
model. We prove that (1) the regret of our approach is asymptotically consistent
with the state of the art (SOTA) without exposure to unknown unknowns in an
extremely uncertain environment, and (2) our computational complexity and space
complexity are comparable with the SOTA — these collectively suggest that though
an unknown unknown is surprising, it will be asymptotically properly discovered
with decent speed and an affordable cost.

1 Introduction

Reinforcement learning aims to train an agent that takes sequential actions, moving her state in an
environment, for maximising her cumulative rewards received from interactions with the environment
[30]. A major model in reinforcement learning is Markov decision process (MDP), assuming the state
transitions and rewards from actions do not depend on the history given the current state [35]. Further,
episodic MDP (EMDP) allows varying rewards from executing the same action at the same state
but in different timings [41]]. In parallel, value-based algorithms learn value functions () and V' over
the space of (state, action)-pairs and the state space, respectively, which then deliver a policy model
for the agent, taking the actions that maximise () [30]]. The domain of value functions is naturally
restricted by the awareness of all possible states — mathematically, they are defined over all aware
states, termed as aware domain in this paper. Correspondingly, the exterior of the aware domain is
termed as unaware domain.

*This work was completed when J. Zhu was visiting the University of Edinburgh.
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Figure 1: Growing awareness

Consider a scenario that is completely untouched in the literature of reinforcement learning — an
agent might surprisingly find she has reached an unknown state where she is even unaware of. The
former US Secretary of Defense Donald Rumsfeld referred to this scenario as an unknown unknown
in a news conference [27]]. Unknown unknowns broadly exist in security-critical applications, such
as autonomous vehicles [33]], quantitative finance [22]] and economics [5]], when the environment is
extremely under-explored and uncertain.

This paper proposes the first mathematical model to ground unknown unknowns in reinforcement
learning. Although actions are calculated by maximising value functions ) and V' that are defined on
the aware domain, some of them could move the agent to unknown unknown states in the unaware
domain. Based upon this, this paper designs a novel model, episodic Markov decision process with
growing awareness (EMDP-GA), which employs a newly designed noninformative value expansion
(NIVE) approach to expand value functions to the newly aware states, when the agent surprisingly
reaches there. Figure|l|illustrates the expansion of the aware domain, where S is the whole state
space and S; is the aware domain after exploring ¢ episodes. The initial values are chosen as a
noninformative prior [32], such as the averaged values on the previous aware domain, out of respect
for the extreme lack of knowledge in this unknown unknown state. We further adapt upper confidence
bound momentum Q-learning (UCBMQ) [24] to the growing awareness for training the EMDP-GA,
termed as UCBMQ-GA. UCBMQ employs a momentum term to correct the bias in Q-learning, but
relies on the upper bounds of value functions () and V. We prove that our NIVE can preserve this
‘upper-bound’ property when expanding the value functions, which will be invalidated by multiplying
NIVE’s expansion by any constant d < 1. This confirms the efficiency of NIVE as well as our
adaptation made in EMDP-GA and UCBMQ-GA.

Extensive theoretical analysis is conducted for verifying our approach. We analyse the regret over the
whole course, which is defined as the cumulative reward loss over the whole learning process against

the hidden optimal policy. The regret has an upper bound in order of (7)(\/ H3SAT + H*SA +

H2S\VT ), where S is the size of the state space, A is the size of the action space, T is the number
of episodes, and H is the length of an episode. This regret bound is sublinear with respect to 7T,
and comparable with the state of the art (SOTA), including upper confidence bound-advantage [40],
upper confidence bound momentum Q-learning [24] and monotonic value propagation [38]], despite
our exposure to unknown unknowns, while they are not. The computing complexity and space
complexity of employing the UCBMQ-GA approach for training the EMDP-GA model are of order
O(H(S + A)T) and O(H S?A), respectively, which are comparable with the SOTA [24]]. These
results collectively suggest that although unknown unknowns are surprising, they can nonetheless be
discovered asymptotically properly with a decent speed and an affordable cost.

2 Related Works

Episodic Markov decision process (EMDP) A large volume of literature has been on developing
EMDP over the last decade. Neu et al. study the adversarial stochastic shortest path problem in



EMDPs [26]]. Zimin and Neu investigate EMDPs with a layered structure [41] . Dann and Brunskill
study EMDPs from the perspective of probably approximately correct (PAC) learning [[6]. EMDP
algorithms can be roughly classified into model-based and model-free approaches. Model-based
approaches learn the EMDP model prior to or concurrently with policy optimisation and require
Q(S? AH) memory space to store the value function estimators [23], in which recent developments
have achieved lower regret and burn-in costs [24 7,136, [11} 140l |39} 38| 21]]. Here, burn-in costs are the
minimum sample size needed for an algorithm to operate sample-optimally. In contrast, model-free
approaches estimate the optimal value function or optimise the policy directly, without explicit
model estimation, and require only O (S AH ) memory to store these estimators. Extensive theoretical
analyses of model-free approaches have also been conducted [40, 24} 23| 8, 31} 20} [1]. Amongst
them, a remarkable result is a minimax regret lower bound, min{v SAH3T, HT'}, established by
Domingues et al. [[10], offering a theoretical benchmark.

Awareness and reverse Bayes Similar terms are seen in the literature of choice theory [13[28,[19].
Reverse Bayesianism is proposed to model the expanding decision universe as awareness grows [[15,
16, [17]. Belief formation and responses to unforeseen events, as predicted by reverse Bayesianism,
are experimentally studied [3]]. This framework was then applied in economic theory [34} 4] [14]] and
epistemology [37]. However, no practical approach has been proposed to train an agent to be able to
handle unknown unknowns.

3 Notations and Preliminaries

Episodic Markov decision process (EMDP)) An EMDP is defined by a tuple M =
(S, A, P,r,H,T) [12 18], described below. S and A are finite state space and finite action space,
respectively; mathematically, they are subsets of Euclidean spaces. If an agent at a state s € S
takes an action a € A, it will be transited to a new state s’ € S. An EMDP agent takes episodic
actions for learning — after an episode, the agent comes back to the initial state s;, and starts the
next episode. Usually, episodes involve the same number of time steps, termed as horizon H € N.
T € N is the number of episodes in a learning process. We can thus denote the episode ¢ by
the trajectory (s, af, -, st al;, sb . ). For any episode, at time step h € [H] £ {1,--- ,H},
a transition function P, : S x A x § — [0, 1] defines the probability P} (s’|s,a) of transition
from state s to state s’ when taking action a. This interaction leads to an immediate reward
rp, + 8§ x A — R. Let m,(als) denote the probability of taking action a at state s. A policy
model 7 = (71, - ,mg) € II characterises the agent’s action course. All possible policy models
constitute a policy space IT = {m = (w1, --- ,mg)|m, : S x A — [0, 1]}. We denote the policy used
to get episode ¢ by ¢ € II.

Value functions and regret Attime step h € [H|, for any state s € S and action a € A, the Q-value

function of a policy 7 is defined as Q7 (s, a) = rp(s,a) + E, » {Z{ihH ri(si,a))|sp = s,a, = a},

and the value function is defined as V;"(s) = E, [Zfih ri(sy, ar)|sn = s} Their relationship is

governed by the Bellman equation

Vir(s) = Y _ m(als)Qf(s,a), Qf(s,a) =ru(s,a)+ Y p(s'|s, a)ViT ().

a€cA s’eS

The objective of reinforcement learning is to learn a policy that maximises the cumulative rewards,
denoted by V/"(s). Shreve and Bertsekas prove that, under certain conditions, there exists an

optimal deterministic policy 7 satisfy V;*(s) £ V™ (s) = max, V7 (s), Qi (s,a) = QF (s,a) =
max, Q7 (s, a) [29]. This result leads to the Bellman optimality equation:

Vi (s) = max Q(s,a), Qu(s,a) =ra(s,a) + ;p(s/ls, a)Vy (s").

The performance of an algorithm is often evaluated by its regret against the optimal policy R? =
Zthl Vif(s1) — Vl’rt(sl)}. Note that Vfrt (s1) < Vi*(s1) forany t € [T].



Upper confidence bound momentum Q-learning (UCBMQ) UCBMQ is designed for training
an EMDP model [24]. Its objective is to approximate the optimal policy by controlling the regret. It
optimises four functions: estimated Q-value function Q7 (s, a), bias-value function V! _ ,(s’), upper

bound on the optimal Q-value function @Z(s, a), and upper bound on the optimal value function

V;(s). In iteration ¢, the agent interacts with the environment to collect episode ¢, updating the
visitation counts n! (s, a) for each state-action pair (s, a). Next, we update the count-dependent
parameters, including the bonus term /], (s, a). Finally, we update the four value functions. The core
method of updating Q! (s, a) retains the standard Q-learning update, which is inspired by the Bellman

optimality equation, and adds a momentum correction to remove the bias. V//  (s) is updated as a

convex combination of the previous bias-value and the optimistic next-step value, @2 (s, a) is updated
by adding 3} (s, a) to Q},(s,a) and VZ(S) is updated according to Bellman optimality equation.
The procedure of UCBMQ is described in Appendix Bl UCBMQ can guarantee a regret bound of
O(VH3SAT + H4SA), where H, S, A and T are the horizon, the size of the state space, the size
of the action space and the number of learning episodes, respectively. This regret bound matches the

lower bound Q (v SAH3T) [10] for large enough T'.

4 Growing Awareness in Extremely Under-explored, Uncertain Environment

The awareness of an agent can be considerably restricted and problematic in an extremely under-
explored and uncertain environment. We are aiming to grow the awareness along the agent’s course
of exploring the environment.

4.1 Mathematically Grounding Awareness in Reinforcement Learning

An example of a spacecraft Consider a spacecraft controlled by a reinforcement learning agent.
She has explored her homeland (or home planet), which is not necessarily fully completed. The
agent’s value functions are naturally defined on her homeland, which is her current aware domain.
After taking an action calculated from the value functions defined on the aware domain, the spacecraft
may go out of her home planet. The spacecraft then starts to explore the previously unaware
domain. The exploration requires an initialisation for the value functions to kick off. This calls
for an expansion strategy for the value functions to newly discovered states. The value functions
are optimised afterwards. After sufficient exploration, a good spacecraft is expected to develop an
(near-)optimal policy — this is exactly the goal of this paper. Figure[2]illustrates this example.

Mathematically, we translate awareness to the domain of value functions, as the definitions below.

Definition 1 (aware domain). The value functions are defined over the awareness domain. In this
domain, the agent is aware of each state’s existence but needs to fully explore it to ascertain its value.

Definition 2 (unaware domain). The unaware domain comprises the states whose existence and
values are both unknown to the agent.

Remark 1. In our framework, once a state in the unaware domain is explored, it moves to the aware
domain and never reverts to the unaware domain. States in the awareness domain remain there
permanently. Hence, the agent’s awareness monotonically increases without forgetting previously
discovered states.

4.2 Episodic Markov Decision Processes with Growing Awareness

We now define our episodic Markov decision processes with growing awareness (EMDP-GA) model
as a tuple Mga = (8,80, A, P,r, H,T), where Sy C S is the initial aware domain. Note that
the initial state of each learning episode is fixed as s; € Sp. If the agent reaches an unknown
unknown state s after taking an action, she will be aware of the existence of s, so that the aware
domain grows by the state s. Let S; denote the aware domain after exploring ¢ episodes. At episode

t + 1, the agent’s trajectory is (sﬁ“, s 57}:{1), and the aware domain is updated accordingly as
Sip1 =8 U{sitt, - st Note that s; € Sy C -+~ C Sp C S.

After ¢ episodes, we denote by U; the unknown unknown states. The extended aware domain is thus
S = S UU;. EMDP usually defines state space and action space independently. Inheriting this
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Figure 2: Illustration of a spacecraft

convention, in this paper, the agent selects actions from a fixed action space A, despite the fact that
the aware domain is growing, even when the agent is placed at new states. Note that the policy 7,
which is used to get episode ¢, is defined on the aware domain after exploring ¢ — 1 episodes. Thus,
the policy ¥ = (w%,--- ,7%;) is defined on St e, w0 Sy x A — [0,1] for each h. Here,
1 (+]s) is a distribution over .A. Consequently, 7 effectlvely constitutes a policy over the entire state
space S.

Homeland condition Exploring in an extremely unexplored, uncertain world requires a ‘homeland’.
Space exploration needs an earth. We assume that with high probability, unknown unknowns are no
more valuable than the average on known states; a very high-value target still exists but with a high
risk. Mathematically, with probability at least 1 — 2, the average value of the known states exceeds
that of any unknown unknown state:

VseS—St,QZ(s,a7|S|ZQh *\3|ZV’1

3€8; S€8;

It coincides with the fact that exploring in an extremely under-explored, uncertain environment is a
high-risk, high-gain mission.

4.3 Noninformative Prior for Domain Expansion to Newly Aware States

When an agent encounters an unknown unknown state that lies outside the currently aware domain,
the reinforcement learning algorithm becomes invalid. The unknown unknown status implies that it
exhibits properties that significantly differ from any known state, and prior information is completely
absent. Out of respect for this extreme lack of knowledge, we design a noninformative value
expansion (NIVE) approach to expand value functions to the newly discovered states — the value
functions are initialised using the averages over the current aware domain. We introduce NIVE with
more details below.

Algorithm of NIVE NIVE updates three value functions: estimated Q-value function Q¥ (s, a),

. . . .=t
bias-value function V}! _  (s’), and upper bound on the optimal value function V(s). When the
aware domain grows from S;_; to S;, we would like to expand the domains of three value functions:

_ —t—1 .
t=1(s,a), V), (s)and Vh . ! (s"), accordingly. NIVE calculates the average values over the aware
domain S;_; as estimators for states in S; — St,lz

Qha'ug |S| Z Qt S a szsz,a'ug |Sf Z hsaavg Z

sES: SESt s'€Sy

t § : t §
Vh,a,avg |8 ‘ h,s,a a and Vh,a,avg Vvh s a

SES 5,8'€S;

In many reinforcement learning algorithms, such as UCBMQ [24]] used later, upper bounds @Z (s,a)

—t . .
and V', (s) are used to calculate actions. After the surprising encounter, the NIVE expands the
estimators of value functions to newly discovered states by assigning them the average values
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Figure 3: Illustration of updating functions in UCBMQ-GA

=t ~1
computed over known states. Crucially, the expanded functions Q, (s, a) and V', (s) remain valid
upper bounds for Q)7 (s, a) and V;*(s), respectively, as the following lemma. The proof is given in
Appendix [[] (implied in Lemma|9).
Lemma 1. For any time step t € [T] in episode h € [H|, the following inequality holds with
probability at least 1 — %,

~t

Qn(5,0) > Qi(s,a), Vals) > Vi (s):

Further, we may prove the following corollary. The proof is given in Appendix [E]

Corollary 1. If one were to use any scalar multiple d < 1 of the average values to expand the
functions, the upper-bound property could become invalid. In some cases, assigning dVZ,(w 25 (d#1)
to a newly discovered state would produce an expanded function that no longer upper bounds V;*(s).

This corollary confirms the efficiency of NIVE — multiplying any constant d < 1 to NIVE will make
it invalid.

4.4 Learning an Agent with Growing Awareness to Unknown Unknowns

We now design an optimisation method for training our EMDP-GA model for obtaining an agent with
growing awareness to handle the unknown unknowns. We adapt upper confidence bound momentum
Q-learning (UCBMQ) [24] to the growing awareness, termed as UCBMQ-GA.

Algorithm of UCBMQ-GA UCBMQ-GA optimises four functions: estimated Q-value function
Qj,(s, a), bias-value function V}; _ ,(s"), upper bound on the optimal Q-value function @Z(s, a), and
upper bound on the optimal value function V;(s).

Let X% (s,a) = I(st = s,al = a) denote the indicator function for the occurrence of (s,a) at
time step h in episode ¢. Thus, n},(s,a) = Yj_, X (s, a) as the visitation count for the pair (s, a)
appearing at time step h over ¢ episodes. Define X! (s,a) = n! (s,a) = 0 if state s ¢ S;. Following
the convention, and to the brevity, we define 0 x co = 0 and % = 00.

For any transition function p and any function f : S — R, we define pf(s,a) = Eyp(.|s,a) [f(5")]-
We denote by pj, the Dirac distribution concentrated at (s}, ; ), and then, p}, f(s, a) = f(s},,1). The
procedure of UCBMQ-GA for training EMDA-GA is also explained below. More details are shown
in Appendix[C|

(0) Initialisation For state s € So C S, weset V), = V?L = H, and QY = 0. Then, go to (1).



(1) Decision making 1In episode ¢, if the current state is aware (i.e., s € S;_1), the agent takes an

. R )
action that maximises Q);, ~ (s, a). Conversely, if the agent encounters an unknown unknown state
(ie., s ¢ S;—1), it chooses an action that maximises @}, g(a)

The algorithm terminates here if the termination conditions have been met. Otherwise, if the agent go
beyond the aware domain, go to (2); otherwise, go to (3).

(2) Embedded NIVE for growing awareness After completing an episode, the awareness set is

~ ~t—1
updated from S;_; to S;. UCBMQ-GA then employs NIVE to expand Q' !(s,a), V,, (s) and
V,f;la(s’ ) to the newly discovered area, as follows,

Gl (s,a) = {Qtl(s ,a), s€ 81, ﬁtil(s) _ {Vzl( s), s€8_1,

. and
Qh avq( ) SESti‘St_h Vﬁl alygv SGSt*St_l,

-1
fo,s,a(sl)7 5,3/ S St,h
t—1
ViL(s) = Visaavg:  SE€Si—1,8 €S8 = Sia,
Vti (S/)’ s € St - Stfla s’ e 875*17

8,8/ €S —Si_1.

h,a,avg’

The exploration bonus is then calculated with the expanded functions: if n},(s,a) = 0 or s ¢ S,
Bt (s,a) = H; otherwise,

t ~ k-1

k
B (s,0) = Wf’—uwwsa"g z—”;%z (vggz—vh+l) (s,0),

ny, (s, a) ny, ( —1 T)ny,(s,a)

1\ 2
where W (s, a) = Zk 1 Zﬁ(é a;pﬁ <Vh+1 Zl 1 :?Eb a)thh+1> (s,a).

Then, go to (3).

(3) Optimising value functions The value functions Q7 (s, a), V! _ ('), @Z(s, a) and V;(s) are
then optimised as illustrated in Figure|3| The learning rate and momentum term are chosen as

H  nfy(s,a)-)
H + nf(s.a) ni(s,a)
h(s, @) = ah(s,a) + 7} (s.0).

t(s a):XZ( )

a and
h nk (s, a)

» Y(s:a) = X} (s, a)

)

( is the exploration threshold which helps in regulating the exploration bonus.
Then, go to (1).

5 Theoretical Analysis
This section presents theoretical analysis of our algorithm.

5.1 Asymptotical Consistency of Learning Unknown Unknowns

Oracle agent The theoretical analysis aims to compare our approach against the (unknown) optimal
policy 7* = (7, -+ ,m5), 75 : S x A — [0, 1]. This is characterised by the regret of UCBMQ-GA
against this optimal policy, defined as RT = Zthl [V™ (s1)— V™ (s1)]. To characterise this optimal
policy, we assume the existence of an oracle agent that is aware of the entire state space S and can
maximise the value function accordingly.

We make the following assumption about the transition function.



Table 1: Comparisons with the State of the Art

Algorithm Regret Bound Comput. Complex.  Spac. Complex.
UCBMQ [24] O(VH3SAT + H*SA) O(H(S + A)T) O(HS?A)
MVP [38] O(VH3SAT) O(HSAT) O(HS?A)
UCB-Adv [40] O(VHPSAT + H% S*A2T%) O(HAT) O(HSA)
Bayes-UCBVI [31] O(VH3SAT + HS*A) O(BHS?AT) O(HS?A)

UCBMQ-GA (ours) O(VH3SAT + H*SA+ H?SVT)  O(H(S + A)T) O(HS?A)

Assumption 1 (non-zero probability of transition). For the transition function, We assume that
1
1— (%) HIVT] < é, and the following holds

1

/ , d\ HIVT]
Y(s,a,s') € S x Ax S, P(s'|s,a) >1— 3 .

1
Remark 2. When T is large enough, 1 — (g) HIVTI < L holds and guarantees that P(-|s, a) can
be a distribution over S. Assumption[l|means that the agent can probably reach any state from the
current state when taking any action.

We then define an aware moment of a state as follows.

Definition 3 (aware moment). For any state s € S, define its aware moment as t(s) = m[irﬁ{t NS
te[T

St} ie., the first episode after which the agent is aware of s.

Naturally, ¢(s) > 0. We then have an upper bound on the aware moment. The proof is detailed in
Appendix [F]

Theorem 1. With probability at least 1 — %, the aware moment is upper-bounded.: t(s) < VT, where
T is the number of learning episodes.

Remark 3. This theorem implies that, with high probability, the agent becomes aware of all states
within /T episodes.

This finding is instrumental in deriving regret upper bounds. Then, we obtain the regret bound as
follows. A detailed proof is given in Appendix [J|
Theorem 2. We assume that T > 3 and { = log (%@T‘H)). When the UCNMQ-GA is used
to train EMDP-GA, with probability at least 1 — 0, the regret satisfies

RT < O(VH3SAT + H*SA + H>SVT),
where H is the horizon, S is the size of the state space, A is the size of the action space and T is the
number of learning episodes.

Remark 4. This regret bound is sublinear with respect to the number of episodes T'. It matches the
SOTA, despite that they are not exposed to unknown unknowns, but we are.

Remark 5. We have now proved that unknown unknowns could be surprising, but can be asymptoti-
cally consistently discovered.

Comparison with existing methods, but without exposure to unknown unknowns. Compared
with SOTA, for H < %, the regret bound of our UCBMQ-GA matches UCBMQ (O(vV SAH3T +
SAH*)) [24]. For T > H?SAand H < %, the regret bound of UCBMQ-GA matches monotonic

value propagation (MVP, O(v H3S AT)) [38]). Other methods, upper Bayes-confidence bound value
iteration (Bayes-UCBVI) [31]] and upper confidence bound-advantage(UCB-Adv) [40]], are worse
than the three methods in either case. Table[I]shows the comparisons.

ot ot
Proof sketch The proof is in five steps. (s, a) and V() are defined in Appendix



ot t ot
Step 1: Upper bound (Q;, — Q7 "(s,a) Combining the estimation of Q@},(s,a) in Lemma
ot +
and the upper-bound on /3 (s, a) in Lemma|l 1| we obtain the upper-bound of (@), — Q7 (s, a).

Step 2: Upper bound the local optimistic regret RT (s,a) We define the local optimistic regret as
T—1
ZXH_l Qh s, a Z XZ—H Qh )( s, ).
t=t(s)—1
With the result in Step 1, we can decompose Rg(s, a) and upper bound each term.
Step 3: Replace ! with p} in the upper-bound on R{(s, a) Following Step 2, we modify the

upper bound on the local optimistic regret using p’, (s, a), the probability to reach (s, a) at time step
h in the episode ¢ as below,

RT(s,a) <63log(T), | ¢ Z Pyt (s, a)Vary, (ViEL ') (s, a) + 1754H?log(T)?¢
t=t(s)—1
T-1
83 ot at+l
HO5) S A P Vi )

t=t(s)—

Step 4: Upper bound the regret R{ at step i We define the step h regret as R{ =

ot :
Y oscs ZtT 01 p(s)(V), = VT ")(s). For each s, the composition of the step h regret follows by
t(s). Employing the Cauchy-Schwarz inequality, we get the upper bound.

Step 5: Upper bound the regret R”  With all the results in the previous steps, we can eventually
prove that the regret R can be upper-bounded by R{.

5.2 Computational Complexity and Space Complexity

We then prove the computational complexity of employing UCBMQ-GA to train EMDP-GA as
below.
Theorem 3. The computational complexity of employing UCBMQ-GA to train EMDP-GA is of order

O(H(S + A)T), where H is the horizon, S is the size of the state space, A is the size of the action
space and T' is the number of learning episodes.

The proof is given in Appendix |G l Here, we present an intuitive sketch. The updates of Qh, Vh and
Vi 4. are carried out in an online manner. At time step % of the episode ¢, if (s}, aj,) # (s,a), both

learning rate a; (s, a) and momentum term 7}, (s, a) become zero. Thus, we do not need to update

. . . 1 wt—1 1.
the functions on such (s, a) pairs. Furthermore, the expansions of Qz LV n »and V,f Sla in each
episode depend on their corresponding averaged values on S;_1.

In parallel, we have the following result for space complexity.
Theorem 4. The space complexity of employing UCBMQ-GA to train EMDP-GA is O(HS?A).

A detailed proof is presented in Appendix [G] Intuitively, this lemma holds because we need to store
all the bias-value function V/ _ ,(s').

Comparison with existing results  As shown in Table[T] the computational complexity of UCBMQ-
GA is of the same order as our baseline UCBMQ, smaller than MVP (O(H SAT')) and Bayes-UCBVI
(O(BHS?AT)), and a bit larger than UCB-Adv (O(H AT)). The space complexity of UCBMQ-GA
is of the same order as UCBMQ, MVP, and Bayes-UCBVI, and still a bit larger than that of UCB-Adv.
However, the complexity advances of UCB-Adyv are in cost of regret, especially when state space
size S and action space size A are large compared with training time 7', which is the case in an
under-explored environment.



6 Conclusion

We mathematically ground the concept of unknown unknowns in reinforcement learning through our
proposed episodic Markov decision process with growing awareness (EMDP-GA). By expanding
value functions @) and V' to newly encountered states with the noninformative value expansion (NIVE)
method, our approach effectively addresses the challenge of unknown unknowns. We adapt upper
confidence bound momentum Q-learning (UCBMQ) to train the EMDP-GA model at an affordable
cost, achieving a regret bound competitive with existing methods not exposed to unknown unknowns.

Applicability This paper focuses on problems with finite state space and action space. Future
works include extending it to continuous state and action spaces.
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A Additional Notations and Preliminaries

Table 2: List of Notation

Description Notation
Size of the state space S =|S]
Size of the action space A=A
Number of learning episodes T

Horizon (length of an episode) H

Aware domain S, t € [T
immediate reward Th

Exploration threshold

Indicator function for the occurrence of (s, a)
Visitation count for (s, a)

First aware domain including s

Policy at episode ¢

Optimal policy

Optimal Q-value function

Optimal value function

Dirac distribution concentrated at (s}, ;)

Estimated Q-value function

Bias-value function

Upper bound on Q-value function

Upper bound on value function

C — log( 966H512(2T+1) )

Qi (s,a), seS,ac A
Vii(s), seS

'|s,a), s,s8" € St
pr(s'ls,a), 5,8 € S

o3
>
—

0,

Q}i(s,a), s€S,acA
Qh(s,a), s € Sir1, a € A
Qh(s,a), s€S,ac A
V;fysya(s’), 5,8 €8y
f/;fysya(s’), 5,8 €811
‘75757&(3’), 5,8 €S

s, a

s,a), SESt, a €A
s,a), $ € Sey1, a €A
s,a), s€ES,a€ A

o+

—~ o~ o~ o~ o~
»

w

Ol QI 9l

,SESt
,SESt+1
, €S

<o < <
=Sl Qkg
»

RO

>

For t € [T, we expand p, (5|5, a), Q' (s, a), V), (s). Vi ea(5)s Q) (s, a) to the whole state space S.

p2(8’|s,a), 375/ S Sta
p(s']s,a) = <0, se8,s eS8,
pr(s'|s,a), s€S—S&;,
t
At _ Qh(s7a‘)a ERS 8t7
Onlsa) = { have(@), s €S =8,

t
Vh,avg’ SES — Sta

—t
ot
Vi(s) = {V’L(S)’ s € Sy
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Vieals), 5,8 €S,

wmwrzﬁ%w?,se&ﬁéf‘&

Rh,a,avg\S ), s€S8—8;,58 €S,

ha.avg 5,8 €8 —8,

é;(é’, 0) = {QZL(S, a)+ B (s,a), ni(s,a)> 0 (whichimplies s € S),
Qi (s,a) + H, ni(s,a)=0ors €S —&;.
From the definitions, it is easy to see that for any s, s in the aware domain S; 1, we have
N o t ~t

QO);L(&CL) = Q%(&a)’ Vh(s) - ( ) Vh sa( ) = fo,s,a(sl>7

and for any state s € S,
ot —t
Qp(s,a) = Qy(s,a).

When the count of a state-action pair n!, (s, a) > 0, we can obtain explicit formulas for the estimate
of the Q-function:
-1 ~t—1 .
ny(s,a)Qp(s,a) =x;,(s,a)[rn(s, a) + pth+1(S a) + 54(5, Q)P (Va1 = Vi3 ) (5, 0)]
+ (nf,(s,@) = X3, (5,0) Q" (5, a),

ot . n! (s,a)—1
where "}/h(S, a) = H”{(&W
For s € S§; — S;_1, which means ¢(s) = ¢, we have n! (s,a) = x} (s,a) = 1, hence ¥},(s,a) = 0.
Therefore, the following holds

-1
Q,(s,a) =rp(s,a) + pp Vi (s, a).

For s € S;_1, we have

~t—1 ~t—1
n}, (s, a)Qj,(s,a) =xj,(s, a)[ra(s,a) +thh+1(s a) + 45, (s, a)ph(vh+1 Vh sla)(s a)]
+nh (87(1) z 1(870’)5
. 1 ! k-1 k-1
Qn(s,a) =ru(s,a) + (s a) Z X3 (5, a) PRV hyr (5, 0) + 35 (s, a)ph (Vg — Visa)(s:a)l.
R O)
From all above, we can obtain explicit formulas for QZ,
t 1 : k-1 ok S
Qp(s,a) =rp(s,a) + nt (s,a) Z X (s, a)[pth+1(3 a) + V4 (8, a)pr (Vi — Vis.0) (s, )]

hA T ke=t(s)

We can do the same with the bias value function when n}, (s, a) > 0. For s, s’ € Sy,

Vo) = Vi o)
(5, )V s () + (1 — 1 (5, @) V2L (")
— (5, @)V (5') + (1 mh(s, ) VL ().

Forse€ S,s e S8,
rt / t
Vh,s,a(s ) = Vh s,a,avg

Z Vhsa
|St s'eS;
~t—1
|St| Z (8, 0) Vi1 (s) + (1=, (s,0)) VL ()
s'E€Sy
o t—1

= 0 (5, 0) V2 () + (1= (5, @) V3L ().
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For s € S — &, we get nf (s,a) = 0.

‘We can conclude

f/ff,s,a(s/) = 77;7,(87 a)vh+1(s/) + (1 - 772(8, a))f/ht;}a(sl)
! - 7o S e k—1 ’
~ nl(s.a) 2 XV () + 956 0) (Vi = VT M)
R 2 p=t(s)
: ~tk k=1
= " (8,0)V i 41(87), 2)

k=t(s)
_tk k ! !
where 77, (s, a) = 15 (s, a)l ];[ (1 —n;,(s,a)).
—k+1

We prove the following lemma to have a basic knowledge about V; (s)and Vi _ . (s).

Lemma 2. For s,s’ € S, the following holds almost surely:
* the sequence (VZ(S))tZt(S) is non-increasing,
« 0<V(s) < H,

—t
C V() <V

h,s,a

(s') < H.

~t —
When ¢ > t(s), we have V, = Vi.

. =t
We can get from the construction of V', (s):

Vi(s) = clip(magz @), (5,0),0.V), (s))

that

~t(s)—1 — (s — (s
Ve () =7 =7 s > >0

To prove that VZ(S) < H,s € &;, we proceed by induction. We have Vz = H, hence this claim
holds when ¢ = 0. Assuming that Vz_l(s) <H,seS8_y.Forse S_1 CS;, wehave

Vi (s)<Vy '(s) < H.
For s € S; — S;_1, we have

—t ~t—1 1
Vh(s) < Vh (8) = |St71|

S V(9 <H

3€8i 1

To prove the third claim, we proceed by induction. When ¢ = 0, the claims holds. Assuming
V;;ll(s’) < ViLL(s') < H for s, s' € S;_1. We consider two different cases of s € S;.

Case 1: s € §; — S;—1, which means ¢(s) = ¢ and x!,(s,a) = n! (s,a) < 1. Since

H nk(s,a)—1 1
_ -
H+n}(s,a) ni(s,a) + X (s, a) nt (s, a) ’

772(57@) = XY;L(&O')

the algorithm updates the bias-value function V | (s') = Vi (sh).

For s’ € S;_1, we have

~ 1 _ —t—1 —
V}is,a(s’) = V;1t75,1a(5/) = m Z V}f,g}a(sl) 2 Vh+1(3/) > Vh+1(5/)-

3€8Si-1
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For s’ € §; — S;_1, which means ¢ = ¢(s’), we have
Vi sals) = Vi (s
1 t—1
=5 2 Vi)

ssGSt 1

Case 2: s € S;_1, the algorithm updates the bias-value function

~t—1
V}f,s,a(sl) = nltz(sv a)vh+1(sl) + (1 - ThL(S a))V;:sla( )

Then we consider the cases of s’ € S;_1and s’ € S; — S;_1. For s’ € S;_1, we have

Vi s.a(8) = 11,(s, )V o1 (8') + (1=} (s, a)Vyi it (s)
7l _
= 1f,(5,0) Vi1 (8) + (1= (s,0)) Vi1 (8)
—t-1 —t-1
> 15,(5,0)Viypa () + (1= 17,(5,0)) Vg (5)
—t-1 —t
= V515 > Vi (8).
For s’ € S; — S;_1, we have
~t-1
Vi sals) = UZ(S a)Vh+1( s') + (1= (s, a))V;fsla(S’)
—t— 1 1
=n(s,a) Vv +(1=nh(s,a)—=—— Vil (3)
|St 1‘gesztl h+1 h( >|St—1|§esz h,s, (
1 —t—1 —t—1
2 Wﬁ(sva)m Z Vig1(8) + (1 = ny(s,a) |St N Z Vi (8
T eS8 3€S;_

B A Brief Introduction to Upper Confidence Bound Momentum Q-learning

This Appendix gives an overview of the procedure of UCBMQ. The notations x/ (s, a), nh(s, a),
al (s,a) and 7} (s, a) are the same in UCBMQ and UCBMQ-GA. For all (s, a, h,s’) € S x A x
[H] x S, UCBMQ is initialized as follows:

-0 =t
Vi(s) = H, Vi)so(s) = H, Vi 1(s) = 0, Qp(s,a) = 0.

In episode ¢, the agent follows a greedy policy based on @2 (s, a) to obtain an episode of length H.

Next, @}, (s,a), Vil , .(s"), @Z(s, a) and V;(s) are updated using the data collected in this episode.
The algorithm terminates after 7" episodes.

The updates in UCBMQ described as follows. Q! (s, a) is updated using the momentum term
t
1 (s,a):

Q4 (s,a) =al, (s, a)[ra(s, @) + P,V iy (5, a)]
7 (s, )l (Vs — Vit ) (s0a) + (1 — oy (s,)) Q4 (5, a),

where pj, denotes the Dirac distribution concentrated at (s}, ;) and, for any transition function p and
any function f : § — R, we define

pf(sa a) = IEs’~p(-|s7a) [f(sl)]
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Vt

i «.a(s") is updated according to

—t—1
Vfis,a(s/) = 772(85 a’)Vh-i-l (S/) + (1 - 772(8’ a’))V}fsla( )’

where
(s, a) = g, (s, a) + 73, (s, a).

@Z(s, a) is used to upper-bound the optimal Q-value function, which is defined as

@Z(S?a’) = QZ(S, a) + BZ(& a)7

where 3} (s, a) denotes the bonus term. In particular, if n! (s,a) = 0 then 3} (s, a) = H; otherwise

i o) = 2, | TEED | 5apya oo | 5~ xh(s,a)ik(s,)

nt (s, a) n, (s, a) kZlHlog(T)n}tL( a)

k(1 k— k-1
ph(‘/h,s,i - Vh+1)(s’ a)'

Here,

t
o _ np(s,a) =1
’Yh(S,Cl)— HZ(S,G,)-FH.

¢ is an exploration threshold and W/ (s, a) is a proxy for the variance term defined as

t k t l
Wi(s,a) Z g p Vh+1 Z z 54 thh+1) (s,a).
=1 =1 5a

VZ(S) is used to upper-bound the optimal value function, which is updated as

Vi(s) = clip(max @y (s,a),0,V), ' (5)).
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C Algorithm Chart of Upper Confidence Bound Momentum Q-learning with

Growing Awareness

Algorithm 1 UCBMQ-GA for Training EMDA-GA.

1: Initialise: For all (s, a, h), where s € Sy C S, V;?’S’a = V?L =H,Q%=0
2: fort € [T) do
3: forh e [H]do
4: if s, € S;_1 then
5: Play a! € arg max@fl_l(sz, a)
6: else
7: Play a}, € argmax Qj, ., (a)
8: end if
9: Observe s,
10:  end for
1 §=8_1U{s, -, s}
12:  Expand Q;;l, V; and Vht gla
~t_1(8 0) = C;)t_l(s,a)7 s € Si_1,
h ’ Q;L aug(a)a s€ S — 81,
=t-1 v, , SE€S&_1,
7 = (V0 se S
Vh ,avg) s GSt _Stflv
Vl’fsla( )’ 87S/€St,1,
1) = ;fsla,wga s€81,8 €8 — 81,
fus,a Vh a, avg( /)a s € St - St—la s’ € St—17
Vl'f,a,lavg7 878/ ESt—Stfl.
13:  forall s € Sy,a,h do
~t—1 ~t—1 ~
14: Q},(s,a) = af, (s,a)(ra(s, a) + pl, V1 (s, )+ (s, 0)p), (Vi = Vi L 1) (s,0) + (1 -
aﬁ(s,a))Qt 1(s,a)
~t—1
15: Vi a8 =} (s,0)V 31 (8) + (1=l (s,a) Vi (8))
—t
16: Qh(s7a) = QZ(Sva)—’_ﬁ}tl(sva) i1
—t . —t ~t—
17: Vi(s) = clzp(rgzeaf Q1 (8,a),0,V, ()
18:  end for
19: end for
D When a New Observation Hurts Awareness Confidence — A Reverse

Bayesian Perspective

Encountering an unknown unknown clearly tells an agent her currently understanding to the environ-
ment is problematic. If the agent were a human, this surprise should hurt severely her confidence. We
want to model this scenario in agent, and below we show our approach exactly has this property.

We first define a awareness confidence below, as a quantitative measure of a reinforcement learning
agent’s confidence to her understanding to the environment, which underpins her confidence to her
decisions.

Definition 4 (awareness confidence of an agent). Suppose an agent has an estimator to the hidden
optimal value function V* over a subset of the state space S, defined as function F : 8" — R, where
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S’ C 8. The awareness confidence of this agent is defined as the average absolute difference between

Fand V* over §':
AC = |S/| Z |F |
seS’

Remark 6. The awareness confidence quantifies the potential for improving the estimator. By defini-
tion, low awareness confidence indicates that the estimator deviates substantially from the optimal
value function, implying that the agent should remain not confident of its estimators. Conversely, high
awareness confidence indicates that the estimator closely approximates the optimal value function,
thereby justifying the agent’s confidence.

We now prove that the awareness confidence drastically increases when an unknown unknown is
encountered.

Theorem 5. Fort € [T] and h € [H)|, where T is the number of learning episodes and H is the

horizon, with probability at least 1 — 2, the awareness confidence associated with V', is lower than
~1
that associated with V . :

AC(VY) < AC(T)).

Proof. From Lemma[9] we have

~t 1
AC(Vy) = o Z [Vi(s) = V*(s)| Z Vh V*(s),
|St+1| s€ESt11 |St+1| SESt41
7t *
AC Z V4 (s) |S | Z V*(s).
:-ES SES
With Homeland condition in Section[4.2] we have
Vs € St+1 St, Vh Z Vh Z S).
|St 3€S, |S | 3€S;
Then we get
LG R UES D Ol D SRR A
- 3) — N>
|St+1 o St‘ 5€85141—S¢ " " |St+1 - St‘ 3€8i41 | t‘ s' €Sy "
V
~ 1 S -V
~1 —
Thus, we can conclude AC(V},) > AC(V;). O

Remark 7. This theorem provides a mathematical characterisation to our intuition mentioned in the
beginning of this section. In the view of the agent, the environment becomes larger but the agent’s
knowledge about the environment is not able to increase at the same time. The knowledge acquired is
thus diluted, leading to a degradation in average estimation accuracy, reflecting in the awareness
confidence.

E Proof of Corollary ]|

Proof of Corollary[I] Here we give a special case where v, h,avg (d < 1) no longer upper-bounds
the optimal function on a newly discovered state. Consider an EMDP with a fixed immediate reward
function: V(s,a,) € S x A, r,(s,a) = 1. Itis easy to get that for every state s € S, the optimal value

function is V}(s) = H. According to Lemma , we have Vi,avg < H for all h € [H]. Therefore,
forany d < 1, we get: Vs € S, dVZ,aug < H =V} (s). O
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F Proof of Theorem 1]

Proof of Theorem[I] We prove the lemma under Assumptionl 1} For s’ € So, we have t(s') = 0 <
1

VT.Fors' € S—8p, wehaveV(s,a) € Sx A, P(s'|s,a) > 1— ( YHIVTI £ §. Thus, the following

holds P(s" ¢ O f]) (1 — 0)HIVT], From the relationship between O; and S;, we get

P ¢ Sm) < (1- 0V =2

. . e )
Finally, we get t(s') < [V/T] < v/T with probability at least 1 — g O

G Proof of Lemma[3 and Lemma 4

Proof of Lemma 3] We prove the computational complexity of UCBMQ-GA by analysing the cost of
each time-step. The computational complexity of UCBMQ-GA per time step comprises function
updates and average-value maintenance, which can be performed concurrently. At time-step h
of an episode ¢, we only need to update the functions concerning (s}, a}) since for other (s, a),
al (s,a) = 0and 7} (s,a) = 0. Thus, updating Q! and @, takes O(1) time Updating the bias-value
function V;f’s’a takes O(.S) time because the update is performing linear interpolation over a vector
of length S. Updating Vﬁl on s, involves taking the maximum over all A, which takes O(A) time.
We can calculate average values every time the functions are updated, and the calculation takes O(1)

time. Hence, each step of updating functions costs O(S + A), each step of calculating average values
costs O(1) and the total costis OHT (S + A). O

Proof of Lemma[d] UCBMQ-GA needs space to store the functions. QY and @Z both require
O(SAH) space. VZ needs O(HS) space, while V)!  , needs O(HS?A) space. So the space
complexity is O(HS2A). O

H Concentration Events

We firstly introduce the Bernstein-type concentration inequality.

Theorem 6 (Bernstein-type concentration inequality [9]). Let (Y;)ien+, (wi)ien= be two sequences
of random variables adapted to a filtration (F;)ien. We assume that the weights are in the unit
interval wy € [0, 1] and predictable, i.e. F;_1 measurable. We also assume that the random variables
Y: are bounded |Y;| < b and centered E[Y:|Fi_1] = 0. Consider the following quantities

t
SiEY WY, Vi 2 ZwQEY\ﬁl W, £ Zws,
s=1

s=1

and let h(s) = (z+1)log(z + 1) — x be the Crdmer transform of a Poisson distribution of parameter
1. Forall 6 > 0,

b| S|
)h(‘/t + b2 5

The previous inequality can be weakened to obtain a more explicit bound: if b > 1 with probability at
least 1 — 9, forallt > 1,

) > log( )+ log(de(2t + 1))] < 6.

4e(2t +1 4e(2t +1
151 < | 2Vitog(SED)) | gy 22 ED)
‘We define the favorable events as follows:
En 2 {Vt € [T),Vh € [H],¥(s,a) € St x A :
S ok Sl - k o
| D X5, 0) B = pr)Viaga(s,a)l < [2¢ Y XE(s,a)Vary, (V) )(s,a) +6H(Y,
k=t(s) k=t(s)
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t o k—1
Ev2 & IVt € [T),Yh € [H],¥(s,a) € Sy x A | Z X (s, a)(pF ph)(VhH)z(s,a)\
k=t(s)

t o b
S JEEHZC > x’ﬁ(s,a)varph(V:ﬁ)(s,a)+12H2<},

k=t(s)

Eme & vt e [T],Vh € [H),¥(s,a) € Sy x A

¢ I
| > (s, a)¥E (s, a) (B — ) (Vi — Vi) (s,a)l
k=t(s)

2 k-1 k—1 2
2¢ Z Xk (s,a)35 (5, 0)2Vary, (Vi = Vi L)(s,a) + 6HCY,
k=t(s)

m A : k ok 2kl ey
EME Ve [T|,Vh e [H],V(s,a) €Sy x A:| Y X5 (s,a) B —pn) (Vg — Vie s 2)(s,a)]
k=t(s)

t
< |2 k(s a\Var, (Vo — k-1 GH
<120 Xi(s.a)Vary, (Vi — ViES L) (s.a) + 6HCY

k=t(s)

We define £ = £V N EY2 N E™ N E™ the intersection of all the events above. £ holds with high
probability.

Lemma 3. For the choice 96¢(2T + 1)
e +
¢ = log( T ),

the following holds P(E) >

ol

Proof. From Lemma[2]we can get
ot ° ot
Vs,s' € S, Vte[T], 0< V1 (s) <H, 0< V! () =V, (s') < H.

Therefore, for s € Sj,
k—1

|(ﬁﬁ - ph)vh+1(sva)| < 2H»
o k—1
|(ﬁﬁ - ph)(Vh+1)2(57a)| < 4H25
o k-1 5
B = pn) (Vs = Vi o) (s, )| < 2H.
o k—1

o k—1 o
For £v2, based on Lemma we have Vary, (V,41)2(s,a) < 2H?Vary, (V,,1)(s,a). Based on
¢ = log(%fﬂ)) and Theorem@, we get

0 ) 4] )
V1\C) < v2 Me\C) & m\c
P(E™)) < op PUE™) < on BUE™)) < on BUE™)) < o
Combine all above, we can conclude P(€) > 1 — %. O

Lemma 4. On the event £, Vt € [T], Vh € [H]|, ¥Y(s,a) € S; x A, the following holds

t k-1
1S (s, @) (s, @) (B — pn) (Vs — ViES L) (s,a)]
k=t(s)
t

o k—1
vV 3
= 4Hlog Z (5,09 (s, @)pn (Vi o b = Vi) (s,0) + 14H log(T)C,
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t t
1 —1
Y s a) @) (Vi Vi) (s.0) < Z b (5, 0)pn (V52 ~Vipn) (s. @) H14HC,
k=t(s) k=t
and
o k—1 1 < )
| Z X (s, a) ph)(Vh+1 s,a)] < 1 Z (s,a)Vary, (Vh+1)(3 a) +44H*C.
k=t(s) k=t

Proof. For the first claim, we use the fact that £« holds and for all s € S;, s’ € S we have

Ah(s,a) <H, 0 < VEL(s) = VITI(s) < H, Jay <z +,

h,s,a
and get
' k <k Sl e
| > Xi(s )i (s, a) (5 ) (Vi — Vis.a)(s,0)]
k=t(s)
- k ok AR 2
< .|2¢H Z Xi (8, a)y5 (s,a)Vary, (Vi — Vi, )(s,a) + 6HC
k=t(s)
: k ok k—1 k-1 2
<\ 2CH? Y (s, )i (s, a)pn(VIES L = Vi) (s,a) + 6HC
k=t(s)
¢
1 k ok
< 1Hlog(T) k;()Xh(saa)’Yh(Saa)ph(Vh s,a Vh+1)(5 a) + 14H?log(T)C.
=t(s

For the second claim, on the event £, we have

t o k-1

| Z X (5. ) (B, Ph)(Vh+1 ths 2)(s,a)]
k=t(s)
: k-l k-1
<, 2¢ Z X5 (s, a)Vary, (Vi — Vhsa)(s7a)+6HC
k=t(s)
: =kl k—1
< 2CH Z Xﬁ(sv a)ph(vh-‘rl Vh s, a>(87 a) + GHC
k=t(s)

t
1 o 4 o k—1
<7 2 XV = Vi) (s,a) + 14HC.

o k—1

| Z X (5, )5 — 1) (V1) (5.0)]

t o k—1 9
8H?C Y (s, a)Vary, (Vy)(s, a) + 12H%C
k=t(s)

t o k—1
Z X5 (s,a)Vary, (Vh+1)(5 a) +44HC.

IA
A~ =

<

This concludes the proof. O
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For s € S, Let b}, (s, a) and P}, (s) denote the probabilities to reach (s, a) and s, respectively, at the
time-step h under the policy 7 in the algorithm. We define the following events:

gver & {Vt € [T),Vh € [H],Y(s,a) € S; x A
t

| Z — D) (s, a)Vary, (Vii)(s,a) < Y Bh(s,a)Vary, (Vi) (s, a) + 8HC},
k=t(s) k=t(s)
N ! k-1 .
G £ (Vi € [T],Vh € [H],Y(s,a) € Sy x A:| Y (xi —Pi)(s, Opn (Vs — Vid))(s, )
k=t(s)
1 : —k k=1 7t 2
< AH kzt(:)pn(s?a)phlvh-l-l - Vh+l|(5?a) + 14H C}7

G2 £ [Vt € [T],VYh € [H],Vs € S; :

o k—1 .
DI AO NI 7 Z Vs — Vi l(s) + 14H2C),
k=t(s) —

We define G = GY%" N GY NGV the intersection of the events. This event holds with high probability.

Lemma 5. For the choice 96e HSA(2T + 1)
e +
C — log( 5 )7

the following holds P(G) > 1 — 2.

Proof. Based on Theorem@ with probability at least 1 — 2, V¢ € [T],Vh € [H],¥(s,a) € S; x A,
using the facts that for X ~ Ber(q) the following holds Var(X) = ¢(1 —¢) < gand \/zy < z+y,

t

1 (0~ B sV ar, (Vo) < (|26 S Bhis.a)Vary, (V) (s.0)? + 6HEC
k= t(s) k:t(s)
t
< Y Bhs,a)Vary, (Vi) (s, a) + SHC.
k=t(s)
So, we have
¢ o k-1 "
Z ~Ph)(s a)ph(VhH Vire1) (s, @)l
k=t(
20 Z Pi(s a)Ph\VhH Viril(s, a)? + 6CH?
k=t(s)
s E Z P (s, a)ph|Vh+1 Vil |(s, a) + 14H2C}.
k=t(s)
Further.
: E —k k-1 wt t 2
Y G-V, =V <% Z Pi(s \Vh+1 Virg|(s)? +6CH
k=t(s) F—t(s)
ﬂ_t
<15 4H Z (Vs = Viot1 () + 14HC.

k=t(s)
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Therefore, we get
P((GV7)) < oo BGY)) < . BGH)) < o
24 24 24
We can conclude that P(G) > 1 — %. O

We define the event D = £ N G. Combine Lemma [3|and Lemmal[5] we get:

Lemma 6. For the choice
96eHSA(2T + 1)

),

¢ =log(
the following holds P(D) > 1 —

Wl

I Optimism

We use 7, (s, a) +pth s.a(8, ) to estimate Q} (s, a). The gap between rh(s,a) +Pth s.a(8,a)and

Q! (s, a) proves to be controlled by f3}, (s, a). Finally, we can use Q h(s a) to upper-bound Q) (s, a)
ot

and Vh( ) to upper-bound V;* (s, a).

Lemma 7. On the event £, Vt € [T], VYh € [H], V(s,a) € S x A, ifn!,(s,a) > 0, the following
holds,

Q4 (s.a) = rals,a) = PVil , a(s,0)]

t

2 k < k=1 ¢ 34109(1)
—_ E a)Va V a +20H
n;L(S, a) k—=t(s) Xh(s’ ) Tph( h )(S’ )RZ(S, a) O ’I’LI;L(S, (1)

1 i o k-1

k ok k
+ 1Hlog(T)nk (s, a) k;g)Xh(Saa)’Yh(S,a)ph(Vhsa Vhﬂ)(s a),

- ! (s,a)—1
where 1 (s, a) = H%

Proof. n} (s,a) > 0 implies s € S;. So, we have

Qﬁz(saa) - rh(sa a) 7ph‘o/if s a(sv a)

1 ¢ o k—1 o k—1

= m Z Xh(s a)[phvh-&-l(s a) +’Yh(5 a’)ph(vh-i-l ‘O/hks L)(S a)] —ph‘o/ff,s,a(saa)
hAZPE ke=t(s)
1 ' k <k el ok 2 k-1 -1
= m Z Xn (s, a)[(Dh, _ph)vh+1(37a) +’Yh(5aa)(P Ph)(Vh+1 Vh s a)(s a)]
RATY ) k=t(s)
1 ; k of; hl
<l Z Xn(8:@)(Ph — Pr)V (s, a)
nt (s,a)
h k=t(s)

t o k—1

(s, a)3 (s, @) B — o) (Vigy — VS H) (s, a)].

We can upper-bound the first term of the right-hand by the definition of &:

¢ o k—1
Z ph)Vh+1(5 a)l
h 5, a =t(s)
2 N\ het ¢ ¢
—_ Xp(s,a)Varp, (V s, a +6H .
) k_% K. a)Vary, (Vi )(s.a) s + 6H s
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For the second term, we use Lemma@, and get

t k-1

1 . o =
| > xh(s:a)3h(s, ) = pn) (Viy = Viis 2)(s,0)]
nt (s, a) Narr
¢
1 k o k 3Glog(T)
< ’ Vil Y 14H .
~ 4Hlog(T)n} (s, a) kzt(:)xh(&a)’yh(&a)ph( h,s,a h+1)(5 a) + nl (s, a)
This concludes the proof. O

We design a bonus to compensate for the bias in the previous lemma.
Lemma 8. On the event £, Vt € [T], VYh € [H], V(s,a) € S x A, ifn!(s,a) > 0, the following

holds
t
2 k1 ¢ Clog(T)
s,0) > | S Xk v L SN E
P E Gy N D) iy )
1 - t ok k k-1
+ > xXh(s, a)¥h (s, a)pr (Vi h — Vier)(s,0).

4Hlog(T)n}, (s, a) e

Proof. The definition of bonus is: for s € S

— ¢ 3 Clog(T)
B (s,a) —2\/Wﬁ(s,a)nz(8,a) +53H ol (s,a)
o k—1

Xk (5, @) (5, B (VL = Vi) (s, ),

M=~

_l’_ -
Hlog(T)n} (s, a) )

where

o k—1

t . k1 1 ¢
Z Xh (s, G)thh+1(5 a))*.
k=t(s)

t ) Z Xk(s a)ph(vh+1)2(sva) 7( t

Wi(s,a) = ———
(s, k=t(s)

Since we do not know the true transitions py, the design of the bonus only needs the observed data.
Based on LemmaE[, we can control the correction term as follows,

t

1 : o et
|— > X (s )3 (s, a)BF — o) (Vs — Viks ) (s, 0)]
mi(s,0) k=t(s)
1 t tog(C
< > (s, )3 14F3 2905,
= 4Hl0g(T)n§L(s, a) Xh(sva)q/h (87 a)ph<vh s,a Vthl)(s (l) + nh( a)

k=t(s)

As for the proxy of the variance term W} (s, a), applying Lemma [4| and the definition of £ and
VIy < x +y, we get

t o k—1
T Z ph)(Vh+1) (s, a)l
o @
t o k— 2 C
; (s Var, (7)) + 448
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and

: 2 k—1 1 ¢ o k—1
Z X S, a pthJrl(S a,))2 ( r Z X]Z(Saa)phvh+1($,a))2|
n}(s,a) 4
k t(s) k=t(s)
1 ~ ok LA 1 Lo o o k-1
< ‘m Z Xn(s,a)(py +ph)V}n+1(S,&)|-‘m Z X;L(S,a)(ph—ph)Vh_H(&a”
i k—t<s> n(s,a) Lo
o k—1
nt (s, a) | Z Xh(s,a) ph)vh+1(3 a)l
h 5a k=t(s)
t
1 o k—1 C C
SH\ e h(s:a)Vary, (V —— + 12H*
S\keen) k;(s)xh@,a) @ (Vi) 0) s + 127 s
]- ! k o k—1 9 <—
< m Z Xu(s,a)Vary, (V,,1)(s,a) +44H o) )
& k=t(s) h

Then, combining eq. (@), eq. (3) and Jensen’s inequality, we get

¢ t
1 o k—1 1 o k—1
Wi(s,a) = — > Xi(s, OB (Vi1)?(s,0) = (— > xh(s, WPV (5,))?
ni (s, a) n; (s, a)
k=t(s) k=t(s)
t t
1 o k—1 1 o k—1
> = > Xi(sa)pn (Vi) (s,0) = (5 > Xi(s,a)pnV i (s,0))
nh(57a) Tlh(S,CL)
k=t(s) k=t(s)
¢ i o k—1 , ¢
2nh v _Z: Xr(s,a)Vary, (Vh+1)(s a) —88H (5, )
1 i & k-1 ¢ k o k—1 )
> W (s.) Z Xn (8, a)pr (V1) (s, a) o Z X (s th+1(5 a))
AT kit (s) ( k t(s)
t
1 & o k—1 9 C
- W k_zt(:)Xh(Sa a)Vary, (Vyi1)(s,a) — 88H nt (s, a)
t
1 i o k—1 9 C
= 2t (s,a) Z Xk (s, a)Vary, (Viiq)(s,a) — 88H nl(s,a) (6)
k=t(s)
Finally, with eq. (3) and eq. (6), we can conclude
log(T)
t(s,a) > 2, (Wt 88H?2 < < 53 — 2V/88 — 14 H3C
Buls:a) 2 % A O RTICO R s
3 ~  k k1 ot
+ 4HlOg( ) (8 Cl) k:;g) Xh(S,a)’}/h(&CL)ph(Vh s,a Vthl)(s a‘)
t
2 -1 ¢ 3 Clog(T)
> 2 Xk (s,a)Var (V )(s,a) 20H3
o 2o MV ar (Vi) o0 0) s 4 200
1 i & o k—1
* HTog g () 2 M OOV = Vanls.0)
which also relies on the fact that \/z +y < /z + VY-
This concludes the proof. O

26



Now we are ready to prove Lemma[9]on the event £ and with the Homeland condition in Section 4.2}
Lemma 9. The following holds with probability at least 1 — §, ¥t € [T], ¥(s,a,h) € S x A x [H]
(also holds for H + 1 for the value function), we have

ot

On(s.0) > Qi(s,a), and Vy(s) > Vi (s).

Proof. We proceed by induction on ¢. The two claims hold trivially for £ = 0 as a result of the
initialisation of the algorithm. Assume the two claims hold for £ < ¢ — 1. We consider the case of ¢.
For h = H + 1, we have

ot
Qh(sa Cl) = QZ(S’ a) =0,
and .
Vi(s) =V (s) =
We assume .
Qthl(Sa a) > Q;kl+1(8’ a>7
and

ot
Vh+1 (s) > Vh*+1 (s)-

If nf (s,a) = 0 and s € S;, we have

ot

@h(s Cl) ‘S Z Qt(s ) H
t(s)— SESt(s) 1
1 —t(s)—1,.
Qh (S’ a)
\St(é) 1] ae‘g:)l
1
> @ (38, a)
‘St(s)71| §€'§:(s)—1
> Qp(s,a).
If seS —S;, we have
ot 1 .
Qn(s,a) = A Qh(3,0) + H
t 3€S,
1 —t .
> TaT Qh(sa Cl)
[t 3€S,
1 .
Z To | Qh(sv a)
|St| 8€8;
> Qj(s,a)

If n! (s,a) > 0, applying Lemmas and and because the event £ holds, we get

ot

Qh(sv (Z) = Qﬁz(sva) + ﬁltz(s’a)
> ri(s,a) +ph‘7;fs a(8,0)
a5, ol Y s T (5,0)

k=t(s)
(s, a) +paVy (s, a) = Qj (s, a).

v

For s € S;, note that

Vi(s) = V;(s) > clip(meaEQZ(s, a),0,H) > mea,f Q7 (s,a) = Vi (s).
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For s € S — S;, we have

=t 1 —t .
Vh(s) = ﬁ Vh(s)
tl ses,
1 _
> 3 clip(maz Q,(5,0), 0, H)
‘ tl 3€S8: “
> 1 Qi (5,a)
> — maz Q) (5,a
‘St| S€S, o€
1
> — (3
2 5] 2 G
s t

The proof is completed. ]

J  Proof of Theorem 2]

Let 7}, (s, a) = maxz{n} (s, a), 1}. We first give two important lemmas.

Lemma 10. On the event €, with Homeland condition in Sectiond.2} vt € [T], Vh € [H], ¥(s,a) €
S x A, we have,

|Qh(s.a) = rals,a) = PrVil ; u(s, )]

t

4 . ¢ 3Glog(T)
W k§5) Xh(87a)varph(vh+1)(s a)n}kL(S,a) +24H ﬁfl(s,a)

t

2 k Tk
m : Xh (s a)ph(Vhsa Vh+1)( a).

k=t(s)

Proof. we first prove |Q§L(s, a)| < H? by induction. When ¢ = 0, the claim trivially holds. Assume
that the claim holds for k < ¢ — 1. For s € &, n'}b(s, a) = 0, we have

Q. (s,0)| = |Qf(s,0)] < H*.

For s € 8, n} (s,a) > 0, we have

@} (s, a)
t
1 k il k SRl e
< |7“h(87a>|+|m Z Xh(s,a)[p th+1(5 a) + V4 (s, a)ph<vh+1 Vhsa)(s a)ll
AT k=t (s)
<14 L i (s )[H+H2|<H2
= AR Xn\S; @ - | = .
ni (s, a) Narrl h 2

For s € S — §;, we have

Q)| = gy 3 Qo) < 2

5€8;

Therefore, we can conclude V(s,a) € S x A : |Q! (s, a)| < H2.

For nf (s,a) = 0, the bound trivially holds because

Q5 (s.@) = i(5,0) = Vil s.a(5,0)] < Qi (s, )| + Ira(s, @)| + PaVE (s, @)| < H? + H + 1.
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For n, (s, a) > 0, we have on the event £ with Lemma
‘QZ(Sv CL) - Th(57 (1) - phvff,s,a(sﬂ a)|

t

2 e ¢ Glog(T)
k 3
—_ X¥(s,a)Vary, (V, )(s,a) +20H
o) 2o R Ve (Vi (o) s 4 208
1 ; k <k R
* T O MO VL - Vi)
Applying f/,f’sya >VE > V,fjl and eq. , we can get
1 - k ok o1 L
; > X )5k (s, a)pa (Vs y = Vi) (s,a)
nt (s, a) e
t
1 k-1 -
< N Z leb(87 a)ph(vh-H - Vh+1)(5aa)'
(s, ) k=t(s)

ok o1
Applying H >V, > V> > VT " and Lemma we have

N

t
1 o k—1
7 > Xh(s,a)Vary, (Vi) (s, a)
nt (s, a) e
t t
2 ok 2H 2 k-1 -
S + Z XE(& G’)Va’rph (Vh+1)<37 a) + t Z XZ(S’ a)ph(vh+1 - Vh+1)<s7 a)'
nt (s, a) nt (s,a)
h k=t(s) h k=t(s)

Applying /z +y < /x4 /y and /Ty <  + y, we get
2 i o k-1

k
m kzzt(:‘,.) Xh(sa a)Vanh,(Vh+1)(S? a) ni(s,a)

t
4
k k
S E X¥(s,a)Vary, (V7 ,)(s,a)
7h(s) k=t(s) ' B nj, (s, a)

IN

4H k-1

k Tk C
X (Sa a)ph(v -V )(Sa Cl)
nj(s,0) k_Zt(s) " T el (s, 0)

IN

4 S )
E xn(s,a)Vary, (Vii',)(s,a)———
TLZ(S, a) et h ( ) Ph ( }-',-1)( )n}gl(s’ CL)
1 ¢ k < k-1 k C
4 - E xr(s,a)pn(V - V(s a +4H
Hlog(T)nfL(s,a) S h( ) h( h+1 h+1)( )NZ(S, a)

Combining eq. (7) and eq. (8], we can conclude
|QO§'L(S7 CL) - rh(87 a) - phf/}:‘,s,a(sa a)'

t

4 k k ¢ 3Clog(T)
nl(s,a) - 24H
s a) k;(s) Xho Vot (Vi) ) ny, (s, a) - nj (s, a)
2 ¢ k o k—1 Lk
" WW Z Xh(s’ a’)ph(vh+1 - Vthl)(sa (l).

k=t(s)
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Then, we give an upper bound on the bonus.

Lemma 11. On the event &, under Homeland condition in Sectiond.2} V't € [T, Vh € [H], ¥(s,a) €
S x A, the following holds

t

3 k
Bh(s,a) <2, | = > Xi(s,a)Vary, (Vi) (s, a)
n} (s, a) e

¢ 3 ZOQ(T)C
s T )

o k—1

3 ) ok
XZ(& G)Ph(VhH - Vh+1)(37a)'

* Hlog(T)n}, (s, a) .

M)~

=t(s)

Proof. If n}, (s, a) = 0, the bound is trivially true because 3}, (s, a) = H. We now consider the case

ok
nk (s,a) > 0. Using eq. , eq. (5) and H >V, > V¥, we obtain

' k Ay 1
Z Xh(sa a)ph(vh+1) (57 CL) - (
S

o k—1

t
Wht(57@) < Z Xﬁ(&a)phvh-&-l(sva)y

nt (s, a) .

t o k—1 C
3 (s a)Vary, (Vo) (s,0) + 88H2 s

S (5 @nn(Vgn)? — (Vi) )5, 0)

o k—1
S 50V (5,))?
k=t(s)

_|_
)
>
o
+
—
—~
\'CIJ
S
S~—
S~—
I

ny, (s, a)

t

o k—1
Z Xi(s,@)Vary, (Vy41)(s,a) + 88H?
k=t(s)

¢

nk (s, a)

2nt (s, a)

t o k—1
D Xils,a)Vary, (Vi) (s, a)
k=t(s)

o k—1 C

t

2H k 2

E \%4 -V 88H .
’I’L;L(S, a) S Xh(57 a)ph( h+1 h+1)(37 CL) + ’I’L;L(S, a)

1

< Varp, (Viy1)(s,a) + W
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ok
Applying H >V, > V,* > V,ZTHI and applying Lemmato the terms Vary, (V" ,)(s,a) and

= k-1
Vary, (V5,11)(s,a), we obtain

t
3 , Wk
Wfi(saa) < nt Z Xﬁ(sva)varph (Vthl)(S»a)

2 . -
+ (5,0) Z Xﬁ(SaQ)Ph(VhH*Vh+1)(5aa)

t
H o k—1 ok
+ nt (S (1) Z Xz(saa)pha/h«kl - Vthl)(Saa)
n\S =
k=t(s)
2H <~ 4 k=1 ¢
Vi, — Vi 88 H?
+ TLZ(S,CL) k;(s) Xh(sa a)ph( h+1 h+1)(5a a) + TLZ(S,CL)
3 i k
< — Z Xn(s,a)Varp, (Vi1)(s,a)
(5, @) k=t(s)
5H <~ 4 kel ¢
+ nt (s, a) Z Xn (8, 0)pn (Vi — Vil1)(s,a) + 88H” nt (s,a)’ ®
h k=t(s) h

Combine eq. @) with /z +y < /x +/y and \/zy < x 4 y we can upper-bound the variance term
of the bonus

h =t(s)

3 : A
2\/W,s<s7a>%fm < ﬂ Ted 2 o)V, (V) (s, s

t

20H k-1 Kk
+ \J 7) Z Xﬁ(S,a)Ph(Vh-H - Vhﬂ+1)(57a)nt(<

nk(s,a i t(s,a)

LoveRH S

ny, (s, a)

t

3 5 ¢
<2 | 57— X5 (s, @)Vary, (Vi) (s, a)

$ ni(&a) k_zt(:s) h Ph h+1 n%(s, a)

t

! K AT 20H2¢
* HogTymi o) 2o NP Vhes Vi) ) 5
+19H — ¢
ny, (s, a)
3 ! R
SN e XE(s,a)Vary, (V7)) (s, a)———
n, (s, a) gt;s) n(s,a) o (Vien)( )TL;L(S,a)
t
1 k o k—1 b
T T e Xn\S,a)p V — VTI' s, a
Hlog(T)ri (5,a) k;g) b5 a)pn (Vi — Vi) (5, 0)
30H2%¢ "
ny, (s, a)
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Applying Lemma]and eq. (7), we have

t

1 k—1 o k—1
Hiag DG a) 2 Xh O L = Vi )o)

log(T)¢ 5 Lo " okl

< 14H3 Tkl _ T
nj, (s, a) * 4Hlog(T)n}, (s, a) k;g) Xi(8,0)%, (s, )pn(Vy o = Visr)(s,a)
log( )C 5 ¢ k o k—1 &

< 14H° + Xn(s,a)pn (Vi — Vi) (s, a). (11)
ni(s,a)  4Hlog(T)n! (s, a) kzt(:s) n(8:)pn (Vs = Via)(s, a)

Combining eq. (T0) and eq. (TT) we obtain the result of this lemma. 0

Now we are ready to prove Theorem 2]

Proof of Theorem[Z] We assume the event D, Homeland condition in Section#.2} and Assumption|T]
hold.

From Lemma 6] we have that D, Homeland condition in Section[4.2]and Assumption[T|hold with
probability at least 1 — 4. Fix (s,a,h) € S x A x [H]and t € [T].

ot +
Step 1: Upper-bound (@), — Q7 +1)(s, a) Applying Lemmasand we get

ot t o t l
@0 — Q55,0 <V o0 = Vi (5. ) + 130272 29T
' nk (s, a)
30 :
+ . | ¥ (s,a)Vary, (V, s,a
T s0) _E(j) (s a)Vary, (VTi)(s.0) 2y
5 ¢ o k—1

Trk
m kzt(: ) X (s, a)ph(Vh+1 Vig1)(s, a). (12)
Step 2: Upper-bound the local optimistic regret R{(s, a) We define

T-1

th“ S s = Y X s @)@ - Q5 (s a).

t=t(s)—1

Based on this, eq. (I2) yields the follows,

T-1 T-1

: ot rt+1 log(T')¢
TR S U (S ORI MR 022k
t:t(s) 1 t:t(s) h\®
— 30 ¢
t+1 k Tk
— Xi (s, a)Vary, (ViT/,)(s,a) =
tZ n} (s, a) g() 4 PRt n} (s, a)
T—

o k—1 N
Xh(s a)ph(Vthl Vhﬂ+1)(57a)-

Mw

Z L1 5
Hlog( )nt (s, a) Ny

For the first term, we have the decomposition

° pttl ° * * qttl
ph(V}f,s,a - ‘/h-‘rl )(57a) = ph(vif,s,a - Vh—i—l)(sv a) +ph(Vh+1 - Vvh-&-l )(57a)' (13)
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Then, applying eq. (2) and Lemma[T4] we obtain

Z t+1 S a ph(Vh s,a Vl;k+1)(‘97a)

T—1

= Z X?_l(sv Q)H{n;;b(s,a)ZO}ph(‘o/}f,s,a - Vl;k-‘rl)(sv CL)
t=t(s)—1
T-1

— o k—1
+ Z X?LJrl(S a)]l{n (s,a)>0} Z Pn Vh+1 Vh+1>(3 a)
t=t(s)—1 k=t(s)

T-1 T-1 Ch1
SH+ Y (X (s,a)iy" (s,0)pn(Vis = Vi) (s,0)
k=t(s) t=k
[ Tl i1
<SH+(1+2) D0 6 amn(Vig = Vi) (s, 0). (14)
t=t(s)—1

Combining eq. , eq. , and V,j‘+1 > V{f:l, we get

T—1
ﬂ_t+1
Xt+1 S a ph Vhsa Vh+1 )(S,(I)
t=0
T—1 B
< XZH(Saa)ph(V;H Vi1 )(s,a)
t=0
| T2 L
+H+ (1 55) )X, (5,0)pn(Vier = Vi) (s, 0)
t=0
T—1
t+1 =1 mttl
<H+(({1+ ﬁ) Xp o (8,0)pn (Vi — Viga )(s,a). (15)
t=0

For the fourth term, we can proceed in a similar way but using Lemma T3]to get

- ¢ o k-1 .
Z Al (s a) Z Xh(s a)ph(Vthl Viie1)(s, a)
=0 k=t(s)
T—1 T-— t 1 o h—1 "
<> Z X (s, a)Ph(Vh+1 Virg1)(s,a)
k=t(s) t=k
T-1 ” o kel .
< 8log(T th s, a)p, Vhﬂ Vit 1)(s, a).
k=1
Thus, we have
T-1 t+1 t
5xp, " (s, a) o k—1 k
v X (5, @)pn(Viyr — Vit (s,a)
t%_l Hlog(T)n} (s, a) k;(s) h h+1 h+1
— ,n_t+1
ﬁ Z t+1 (s,a ph(Vh+1 Viie1 )(s,a). (16)
(s)—
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For the third term, combining Cauchy-Schwarz inequality, Lemmas[T5|and [I3] we get

T-1

t
¢
Z X?l( a), | =r7——= Z X]}fb (s,a)Vary, (Vh+1)(8 a)n (s,a)
t=t(s)—1 k t(s) hAZs
3 Al i | 3 e
<,130 fi Vary,, (V7)) (s, a) i (s
> T pr \Vh41/\9;
t=t(s)—1 CACK)) k=t(s) t=t(s)—1 nh(s’a)
<44log(T), ¢ Z tl(s,a Varph(V,f_ﬁl)(s,a). (17)
t=t(s)—1
For the second term, we use Lemmal'lzlto get
-« log(T)¢
130H3 b+l —Z= 2> < 1040H310g(T)?¢. 18
t_% IXh ( )nZ(s,a) — Og( ) C ( )

Finally, we combine eq. (I5), eq. (I6), eq. and eq. (I8) to conclude

RY(s,a) <44log(T), | ¢ Z P (s, a)Vary, (Vi) (s, a) + 1041 H3log(T)*¢
t=t(s)—
T-1

41 =t o+l
1+ 5) D X (50 (Vig = Vil )(s, ). (19)
t=t(s)—1

Step 3: Replace x!, with ), in the upper-bound on R{(s, a)  Since G holds, we have

T—1 T—1
Y s a)Vary, (Vi) (sa) < |20 Y pZJrl(S’a)Va?“ph(Vi’ﬁl (s,a) +/8CH

t=t(s)—1 t=t(s)—

and
T-1 i
o X s (Vi = Vil )(s,0)
t=t(s)—1
T » "
< (1+ E) Z P (s,a)pn (Vi — Vikey (s a) + 14H?C.
t=t(s)—1

Plugging the two inequalities in eq. (T9) yields

R} (s,a) <63log(T),| ¢ Z P (s,a)Vary, (Vii)(s,a) + 1754H?log(T)*¢

t=t(s)—1
83 — 1 el mitt
0+ ) X B Vs = Vi ) (o,0) (20)

t=t(s)—

Step 4: Upper-bound the step h regret Ri,f We define

ZZ}?M — Vi )(s),

seS t=0
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Lk' Lk’
We use the definition of V', (s), Assumptlonand the facts that D holds, @;, > 0 on D and that for
all z > 1 the following holds =+ <1 —|— - to get

Z i (s) (V) — Vir ™ )(s)

(t( )—2) T—1

= > B V(T — V) (s) + > @2“( YV~ Vi) (s)

t=0 t=t(s)—

< £ )7 56,
SH(s) = 1)+ 17— Z ~ Vi) + 5 HC
=t(s)—1
< HVT +( Z (V) — ViE)(s) + 19HC

=t(s

< HVT + (1 + Z (s f“(éz — Q7" (s) + 19H2C.
(s)—

Using Cauchy-Schwarz inequality,eq. (20) and the fact that the policy 7* is deterministic, we obtain

RF < HSVT +( 142 Z Z L t+1(Q —QF" ) (s) + 19H2SC

seSt=t(s)—
1 t ﬂ_t+1
=HSVT +(1+ =) > Z X (s,0)(Qy — QF (s, a) + 19H2SC
(s,a)eSxAt=t(s)—1

1 o
=HSVT + (1 + &) > Ri(s,a) +19H?S¢
(s,a)eSxA

t—1

< HSVT + 126109(T)\/E Z Z ?Z+1(S,G)Varph (V}f:{l)(s,a)

(s a)ESXA t=t(s)—1

167 m
+(1+ f) Z Z Py (s,a ph(Vh+1 Vi1 )(s,a)
(5,0)ESX A t=t(s)—1

+ 3527SAH3log(T)?*¢
f 1
< HSVT + 3527SAH3log(T)*¢ + (1 + 67)Rh+1
+126log(T), | (SA Y Z B (s, a)Vary, (Vi) (s, a). (21)

(s,a)eSxAt=t(s)—1
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For the last inequality, we have

ot
Z Z Pl (s,a ph(Vh+1 Vi )(s,a)
(s,a)eESxAt=t(s)—1
T—1 +1

-y ¥ ﬁ%wmwmwﬁﬂ Vi)

(s,a,s/)GSXAXSt*t(s)

attl
Z Z prﬂ s, a)pn(s’[s, a)(vh+1 Vit (")
s'€S (s,a)eSxA t=0

t+1

T-1
ot ~
Z pﬁ:ﬁ(S/)(Vthl Vit )(s') = R{Jrl-
s'eS t=0

Step 5: Upper-bound the regret R”  Unfolding eq. , using Cauchy-Schwarz inequality,
Lemma and the fact that R}, | = 0, we get

. 167
RT < Z )" 12610g(T), | CSA D Z By (s,0)Vary, (Vi) (s, a)
h=1 (s,a)eSxAt=t(s)—1

+ HSVT + 3527SAH®log(T)?C]

< e'%7126l0g(T), | CSAH Z Zptﬂ s,a)Vary, (V7' )(s,a)
(s,a,h)eSxAx[H] t=0

+ e TH2SVT 4 35277 S AH*10g(T)*¢

T-1
e1%712610g(T) CSAHZE,rf+1 ZT'h snyan) — Vi (51))?]
t=0 h=1

+ e"TH2SVT + 3527e'°" S AH*1og(T)*¢
< O(\/CH3SAT) + O(CH*SA) + O(H*SVT).

Applying Lemma[9] we have

t+1 t+1

Vits) = Vi (s1) < V(1) — Vi (s0).

This allow us to conclude

RT < RT < O(\/CH3SAT) + O(CH*SA) + O(H?SVT).

K Preparation Lemmas

The proof of the following results can be seen in Ménard et al.[24]. For a deterministic policy 7, we
define Bellman-type equations for the variances as follows

oQp(s,a) £ Vary, Vil (s,a) + proVili (s, a)
aVir(s) £ oQf (s, 7(s))
O'Vg+1(5) = Oa
where Varph (f) (57 CL) é Es’~Ph('|S,a) [(f(sl) - phf(sa a))Z]'
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The definition above indicates that
H
oV (s1) ZZ (s,a)Vary, (Vi 1)(s,a).

We have the following lemmas.
Lemma 12. For any deterministic policy 7 and for all h € [H],

H

Exl(D ru(snsan) = Qnlsn, an))?|(sny an) = (s,a)] = 0Qf (s, a).

h'=h

Particularly,

Ex[(D_ ru(sn, an) = Vi (51))*] = oV (s1) Zzph s,a)Vary, (Vil1)(s, a).
h=1

h=1 s,a

Lemma 13. For T € N* and (u4)ien-, for a sequence where u; € [0, 1] and U; 2 Zl 1 U, we get

Z < 4log(Ury1 + 1).
Ut
In particular if T + 1 > 2,

Z “t+ o < 8log(T + 1),

Lemma 14. Forall (s,a) € S x A thefollowmg holds

1
Zxkﬂ 5,0 nh ‘(s,a) < (1+ E)XZ(SJL)’

t

¥ (s.a) =1 ifn}(s,a) > 0.
k=t(s)

Lemma 15. Forall (s,a) € S x Aandt <T — 1 (with T > 2), the following holds

t k+1 T-1  k+1 T-1 k+1
Z X S, a X s, a X a
X%(Sa a) gk(i a)) S E ;Lk(s(a)) = ’thk(S(a)) S 8lOg(T)
k=l h\” k=0 h\? k=t(s)—1 P

Lemma 16. Forp,q € ) g, for f,g : S — [0,b] two functions defined on S, we have that

Vary(f) < 2Var,(g) + 2bp|f — gl, Vary(f?) < 2bVar,(f),
where we denote the absolute operator by | f|(s) = | f(s)| forall s € S.
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